CHAPTER 12 Circles

EXERCISE 12

1. (i) Let O be the centre of the circle and let P be a point
20 cm away from the centre and PB be a tangent to
the circle at point B.

Join OB.

Then, radius OB = 5 cm and OP = 20 cm.

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact and PB is a
tangent at B and OB is the radius through B, therefore
OB L PB.

In right AOBP, we have
OB? + PB%= OP? [By Pythagoras’ Theorem]
= (5 cm)? + PB? = (20 cm)?

= PB? = (400 — 25) cm?
= PB? = 375 cm?
= PB = 5+ 15 cm.

(i) Let PT be the tangent to the circle with centre at 0.
We join OT. We have

OT = radius of the circle = 20 cm
T

20 cm
Y
(0] 29cm P

Also, Z0OTP = 90°
[~ PT is the tangent and OT is the radius]
We have OP =29 cm [Given]
. From AOPT, by Pythagoras’ theorem, we have
OP? = OT? + TP?
= TP? = OP? — OT?
= (OP + OT) (OP - OT)
= (29 + 20) (29 - 20)

=49 x9
TP = /49x9
=7x3=21
Required length of the tangent from P to the circle

is 21 cm.

2. Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact and AB is a
tangent at B and OB is the radius through B, therefore
OB L AB.

(x+2) cm

In right AOBA, we have

OB? + AB? = AO? [By Pythagoras” Theorem]

= (x =62+ (x +1)2 = (x + 2)?

= 12 +36+x2+2x+1=x2+4x +4

= X—12x +2x—4x +36+1-4=0

= ¥ -14x+33=0

= ¥ -3x-11x+33=0

= x(x-3)-11(x-3)=0

= x=-3) x=-11)=0

= Either (x=3) =0 or (x-11)=0

=  x =3 (Rejected) or x =11
AB=@x+1)cm=(11+1) cm =12 cm
OB=(x-6)cm=(11-6)cm =5 cm
OA=@x+2)ecm=(11+2)cm =13 cm

Hence, AB=12cm,OB=5cm and OA =13 cm

3. Given that arc PQ = arc PR
Chord PQ = Chord PR

Let AB be a tangent to the circle with centre at O at the
point P.

ZPQR = ZPRQ
e,
"
A P B
But Z/PQR = ZRPB
But these are alternate angles.
QR | PB

4. Given that lines AB and CD are the two tangents to the
circle with centre at O, through an external point P.

Let these two lines touch the circle at T, and T,. To prove
that OP is the internal bisector of ZAPD, i.e.

ZAPO = «DPO
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o

. In OBM, we have by Pythagoras’ theorem,
Construction: We join OT; and OT,. OB? = OM? + MB?

B

In AOPT, and AOPT,, we have N R =72 03
ZOT,P = ZOT,P = 90° — 49 + 509
OT, = OT, [Radii of the same circle] - 578
and the hypotenuse OP is common. r= J578 = 1742

By RHS congruence criterion, we have

AOPT, = AOPT, Hence, the required value of r is 1742 cm.

6. (i) Let O be the common centre of two concentric circles.

) 4T,PO = £T,PO [By CPCT] Let AB be a chord of the bigger circle, which touches
L.e. ZAPO = ZDPO the smaller circle at M. Then M is the mid-point of
Hence, proved. AB and ZOMB = 90°.

5. (i) Let O be the common centre of the two concentric A

circles. Let the chord AC of length 8 cm touch the
smaller circle at T. Then T is the mid-point of the

chord AC. Hence, AT = %XS cm = 4 cm. )
A ﬂ(
] B
/3

We join OM and OB. Then,

OM = radius of the smaller circle = 2.5 cm and

c OB = radius of the bigger circle = 6.5 cm.
Since AC is a tangent to the smaller circle at T, Let AB = x cm
ZOTA = 90°. Then MB = %AB - %xx - £ (1)
In AOTA, we have OA = radius of the larger circle
=5cm and AT = 4 cm. .. From AOMB, we have, by Pythagoras’ theorem,
.. By Pythagoras’ theorem, we have OB? = OM? + MB?
2
OT = YOA2 - AT? = 6.5% = 2.52 + XZ [From (1)]
= J25-16 $2
= Z_=652-252
=3 = (6.5 +25) (65-25)
Hence, the required radius of the smaller circle is =9 x4
3 cm. =36
(ii) Let O be the common centre of two concentric circles. = ¥ =36 x4
Let the chord AB of length 46 cm touch the smaller - 144
circle of radius r cm at the point M. Then M is the
mid-point of the chord AB. We join OM and OB. Then, = x= V144
1 =12

OM =7 cm, OB =rcm, MB = 2AB = 1x46 cm =
2 2 Hence, the required length of the chord of the larger

23 cm and ZOMB = 90°. circle is 12 cm.



(i) Let O be the common centre of two concentric circle
18 cm 30 cm

of radius is =9 cm and =15 cm.

Let AB be a chord of the bigger circle, touching the
smaller circle at M. Then M is the mid-point of AB
and ZOMB = 90°.

A

AN

B

We join OM and OB.

Then OM =9 cm and OB = 15 cm [Given]
Let AB =x cm
Then MB= % cm (1)

2
From AOMB, by Pythagoras’ theorem, we get
OB? = OM? + MB?

2
= 15% = 9 + xz [From (1)]
2
X _1s2_q2
= T =159
=(15+9) (15-9)
=24x6
=144
x_
5 =12
= x=24

Hence, the required length of the chord AB is 24 cm.

(iti) Let AB be a chord of the larger of the two concentric
circles with radius a4 and b respectively such that
a>b

Here, radius of bigger circle = a

Radius of smaller circle = b

OD L AD
OD? + AD? = OA?
[By Pythagoras” Theorem]

In AOAD

P+ AD? = 22
AD? = g2 - p?
AD = \ a®-b?

Similarly from AOBD

We get BD = v a* -b?
Now AB = AD + BD
=2+ a?-1?

7. Given that O is the common centre of two concentric circles.

PS and PT are two tangents to the smaller circle drawn
from an external point P on the bigger circle, touching the
smaller circle at the points Q and R respectively. Given
that PR = 5 cm.

<

Since, PR and PQ are two tangents to the smaller circle,
drawn from an outside point P, we have

S

PQ =PR =5 cm
2PQ = 2PR
=2x5m
=10 cm
= PS =10 cm

Since Q and R are two mid-points of the chords PS and
PT respectively.

Hence, the required length of the chord PS is 10 cm.

. Given that O is the common centre of two concentric circles

of radii 13 cm and 8 cm. AB is a diameter of the bigger
circle and BD is a tangent to the smaller circle touching
it at D. Let BD produced intersect the bigger circle at P.
To find the length of AP.

We join OD.
Then D is the mid-point of PB and ZODB = 90°.
Now, OD = radius of the smaller circle = 8 cm [Given]
[Given]
From AODB, we have by Pythagoras’ theorem,

OB? = OD? + DB?

OB = radius of the bigger circle = 13 cm

= 13% = 8 + DB?
= DB? = 169 - 64 = 105 ...(1)
PB? = (2DB)? = 4DB?
=4 x 105 [From (1)]
=420 ...(2)
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Now, ZAPB = 90° [ angle in a semi-circle is 90°]
. From AAPB, we have by Pythagoras’ theorem,
AB? = AP? + PB?
(20B)? = AP? + 420
(2 x 13)2 = AP? + 420
4 x 169 — 420 = AP?
AP? = 676 — 420 = 256
- AP = /256 =16
.. The required length of AP is 16 cm.

[From (2)]

Uy

. Given that O is the centre of two concentric circles of radii

8 cm and 5 cm. From an external point P, two tangents
PA and PB are drawn to the circle, touching them at A
and B respectively. Given that AP = 15 cm.

To find the length of BP.

15 cm

5cm

We join OP.
Clearly, ZOAP = 90° = ZOBP.
From AOAP, we have by Pythagoras’ theorem,
OP? = AP? + OA?
=15% + 8> =225 + 64
=289 .1
Again, from AOBP, we have by Pythagoras’ theorem,
BP? = OP? — OB?
=289 — 52
=289 -25
=264
- BP = V264 ~16.25
Hence, the required length of BP is 16.25 cm (approx.).

[From (1)]

10. (i) We know that the lengths of the tangents drawn from

an external point to a circle are equal

P A
C
4
Q
CP =CQ [Tangent from C]] )
BQ = BR [Tangent from B]
Now cQ=Cp [From (1)]
= BC + BQ =CP
= BC + BR = CP [From (1)]

= BC+4cm=11cm
= BC=7cm
Hence, BC =7 cm.

(if) Given that PA and PB are tangents to a circle from
an external point P. CD is another tangent touching
the circle at Q and cutting PA and PB at C and D

respectively.
A 2.

B AL A

\L

Given that PA =12 cm,
QC=QD =3 am.

To find PC + PD

We have PC=PA-CA

PD = PB - BD

=12-QD

=12-3

=9
Hence, PC+ PD =9 +9=18
Hence, the required length of PC + PD is 18 cm.

Similarly,

11. We know that the lengths of tangents drawn from an

external point to a circle are equal.

TP = TQ [Tangents from T]
AP = AR [Tangents from A]|...(1)
BQ = BR [Tangents from B]
Now, TP = TQ [From (1)]
= TA + AP = TB + BQ
- TA + AR = TB + BR [Using (1)]

Hence, TA + AR = TB + BR

12. (i) Given that PA and PB are two tangents drawn from an

external point P to a circle with centre at O, touching
it at A and B respectively. At another point E on the
same circle, a third tangent CD is drawn cutting PA
and PB at C and D respectively.

Given that PA = 10 cm.




To find the perimeter CP + DP + CD of APCD.
Required perimeter of APCD
=CP +DP + CD
= (PA - CA) + (PB - DB) + CE + ED
=PA+PB-CA-DB+ CA + DB
[~ CE = CA and ED = DB]
=2PA [ PA = PB]
=2x 10 cm
=20 cm

(if) We know that the lengths of tangents drawn from an
external point to a circle are equal.

PA =PB [Tangents from P]
CE =CA [Tangents from C] | ...(1)
DE = DB [Tangents from D]

Perimeter of APCD
=PC+CD + PD
=PC + CE + DE + PD

=PC + CA + DB + PD [Using (1)]
=PA +PB

=PA + PA [Using (1)]
= 2PA

=2x14 cm =28 cm
Hence, perimeter of APCD = 28 cm
(iii) In APAB, we have

PA =PB [Tangents from an external point to a

circle are equal]
. £PBA = ZPAB = x (say) [Angles opposite
equal sides of a triangle]
ZAPB + ZPBA + ZPAB = 180°[Sum of angles

of a triangle]

Also,

60° + x + x = 180°
2x = 180° — 60°
2x = 120°
x = 60°
/PAB = Z/PBA = ZAPB = 60°
APAB is an equilateral triangle.
AB=PA=PB=5cm

044y

U

Hence, AB = 5 cm.

13.

15.

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact and PA is a
tangent at A and OA is the radius through A, therefore

OA 1 PA.
A
B

= ZOAP = 90° ..(1)
We know that tangents from an external point to a circle
are equal.

So, PB = PA

Z/PAB = /ZPBA  [Angles opposite equal sides

PA and PB of APAB] ...(2)
In APAB, we have

Z/PAB + /PBA + ZAPB = 180° [Sum of angles of
a triangle]

= 2/PAB + ZAPB = 180° [Using (2)]
= ZAPB = 180° - 2/PAB
= ZAPB = 2(90° - LPAB)
= ZAPB = 2[Z/OAP - /PAB]
[Using (1)]
= Z/APB = 2/0AB
50° = 2/0AB
= Z0AB = 25°
/PAB = 50° A
ZAOB =? 9
Radius of a circle is
perpendicular to the
tangent at the point of
contact B
OA L PA
ZOAP = 90°
/PAB + ZOAB = 90°
Z0OAB = 90° - 50° = 40°
Now In AOAB
OA = OB (radius)

Z0OAB = ZOBA = 40°
ZAOB + ZOAB + ZOBA = 180°
ZAOB + 40° + 40° = 180°

ZAOB = 100°
B
0
58°
Q

o1 | s9puD



o | Circles

AB is the diameter
ZAOQ = 58°
ZATQ =7
ZAOQ + £BOQ = 180°
58° + ZBOQ = 180°

(Linear pair)

ZBOQ = 122°
In ABOQ
OB = 0Q (radius)
Z0BQ = OQB
Now

ZBOQ + £0QB + ZOBQ = 180°
122° + 2/0Q8B = 180°
180°—-122°  58°
2 2
Z0QB + £0QT = 180° (Linear pair)
Z0QT = 180° — 29° = 151°
In quadrilateral OATQ
ZOAT + ZATQ + £0QT + ZAOQ = 360°
90° + ZATQ + 151° + 58° = 360°
ZATQ + 299° = 360°
ZATQ = 61°

=29°

20OQB =

16. ZCAB = 30°
ZPCA =7

OA =0C
Z0AC = ZOCA = 30°

Radius of a circle is perpendicular to the tangent at the
point of contact

OC LPQ
ZOCP = 90°
Z0CP = LZOCA + ZPCA = 90°
30° + ZPCA = 90°
ZPCA = 60°
17. We are given ZQPT = 60°

In AOAC

18.

19.

ZQPT + £ZQPX = 180°
ZQPX = 180° - ZQPT
= 180° - 60°
=120°
Z/PRQ = ZQPX = 120°
(Alternate Segment Theorm)

(Linear Pair)

Now

Given that AB is a chord of a circle with centre at O and
AOC is a diameter of the circle. AT is a tangent to the

circle at A.
C
» B
u/
A T

We join BC.
To prove that Z/BAT = ZACB.

Let /BAT =0 ..(A)
Then ZBAC=90°-6 ... (1) [ £ZCAT =90°]
Also, ZABC = 90° [ Angle is a semicircle is 90°]

ZACB + ZBAC = 90°
[Angle-sum property of a triangle]
ZACB =90° — ZBAC = 90° — (90° - 6)
[From (1)]
.. From (A) and (B),
ZACB = ZBAT =0 ...(3)
Hence, proved.

Given that PA is a tangent to a circle with centre at O,
touching the circle at A. AO is joined and produced to cut
the circle at B. Then AB is diameter of the circle. Given
that ZPOB = 115°. To find ZAPO.

A
5 o
115°
B
Since PA is a tangent and OA is a radius of the circle,
- ZPAO = 90° (D)
Also, /POA = Z/AOB - ZPOB
= 180° — 115°
= 65° ...(2)

Now, in AAPO, we have
ZAPO + ZAOP + PAO = 180°
[By angle sum property of a triangle]

= ZAPO + 65° + 90° = 180° [From (1) and (2)]
ZAPO = 180° — 90° — 65°

= 180° — 155°

= 25°
which is the required measure of ZAPO.

U



20.

21.

Given that PQ and PR are two tangents drawn from an
external point P, to a circle with centre at O such that
ZRPQ = 30°.

RS is a chord drawn parallel to the tangent PQ.

SQ is joined. To find ZRQS.

s T

o)

30°

Q P
Construction: We join QO and produce it to cut SR at T.
Then QOT L SR and T is the mid-point of the chord SR.

Now, since the lengths of two tangents drawn from an
external point P to a circle are equal.

PQ =PR
/PQR = ZPRQ
Since ZQPR = 30°
/PQR + /PRQ = 180° - 30° = 150°
Z/PQR = ZPRQ
=75°

Now, since OQ is a radius and QP is a tangent through
Q on the circle, ZTQP = 90°.

Z/TQR = ZTQP - Z/PQR
=90° - 75°
=15° ...(1)
Now, in ASQT and ARQT, we have QT L SR.
ZQTS = ZQTR = 90°
TS = TR and TQ is common.
By SAS congruence criterion

ASQT = ARQT
/TQS = /TQR [By CPCT]
ZTQS = 15° [From (1)] ...(2)
Hence, ZRQS =2 LTQR =2 x 15° [From (1)]
= 30°

Hence, the required measure of ZRQS is 30°.

Given that P is an external point on the diameter AOB
produced of a circle with centre at O, such that the tangent
PC to the circle at a point C on it makes an angle of 110°
with the line segment AC. Hence, ZPCA = 110°.

To find ZCBA.

Construction: We join CO.
Now, since AB is a diameter of the circle, hence
ZACB = 90°

22.

/PCB = /PCA - ZACB
=110° - 90°
=20°

ZCAB = £ZPCB = 20°

[- ZPCB is the angle between the tangent PC
to the circle and its chord CB]

Now, in AABC, we have
ZACB =90° and ZCAB = 20°
ZCBA = 180° — (ZAOB + ZCAB)
[By angle sum property of AABC]
= 180° - (90° + 20°)
= 180° - 110° = 70°
which is the required measure of ZCBA.

Given that PA and PB are two tangents to a circle with
centre at O. These two tangents touch the circle at A and
B. AO and AB are joined.

To prove that ZAPB = 2/0OAB

Let ZPAB =6
A
N
P
B

Then since PA and PB are two tangents to the circle with
centre at O, drawn from an external point P.

PA = PB
/PBA = /ZPAB =0
- In APAB,
ZAPB = 180° - 20
[Angle sum property of APAB]
=2(90° - 0) ...(1)
Now, since OA is a radius of the circle and PA is a tangent
at A from an outside point P of the circle,

ZOAP = 90°
- ZOAB = ZOAP - /PAB=90°-0 ...Q2)
From (1) and (2), we see that
ZAPB = 2/0AB
Hence, proved.
or

We know that the lengths of tangents drawn from an
external point to a circle are equal.
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23.

In ATPQ, TP = TQ

- ZTQP = TPQ (D)
[Angles opposite to equal sides]

ZTQP + £ZTPQ + ZPTQ = 180° [Angle sum property]

= 2/TPQ + /PTQ = 180° [Using (1)]

= /PTQ = 180° - 2/TPQ .(2)

We know that, a tangent to a circle is perpendicular to
the radius through the point of contact,

OP L PT,
o ZOPT = 90°
= ZOPQ + £TPQ = 90°
= Z0PQ = 90° - ZTPQ
= 2/0PQ = 2(90° — LTPQ)

=180° - 2£TPQ ...(3)
From (2) and (3), we get
ZPTQ = 220PQ

Hence, proved.

Given that PT and PS are two tangents to a circle with
centre at 0, drawn from an external point P. We join PO,
OT and OS. Given that ZOPT = 30°.

T

90°
30°

90°

To find reflex ZTOS.
Now, in AOPT and AOPS,
we have TP = PS, OT = OS

and OP is common.

[Radii of the same circle]

.. By S§S congruence criterion,
AOPT = AOPS
Z0PS = ZOPT = 30°
/SPT = 2/0PT
=2 x 30° = 60°
Now, since
ZOTP + ZOSP = 90° + 90° = 180°,
ZTOS + ZSPT = 180°
= /TOS = 180° - 60° = 120°
Reflex ZTOS = 360° — 120
= 240°

which is the required measure of reflex ZTOS.

24. In APOT and APOS, we have

/o
N)Ee

S

25.

26.

PT = PS [Length of tangents drawn from an
external point to a circle are equal]

PO =PO [Common]

OT = OS [Radii of a circle]

APOT = APOS [By SSS congruence]
= Z0OPT = ZOPS
= 30° = ZOPS

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

ZOTP = ZOSP = 90° (1)
In AOTP, we have

ZOTP + £TOP + ZOPT = 180° [Sum of angles

of a triangle]

= 90° + TOP + 30° = 180° [Using (1)]
= ZTOP = 180° — (90° + 30°)
=180° - 120° = 60° ...(2)

Similarly  ZSOP = 60° ...(3)
Now, ZTOS = LTOP + £SOP

= 60° + 60° [Using (2) and (3)]
= ZTOS = 120°
Now, In ASOT

Z0ST + Z0TS + £TOS = 180°
Z0ST + £ZOTS = 180° — LTOS
=180° - 120 = 60°
Z0ST = Z0TS
(" OT = OS isosceles triangle)
2/0ST = 2£0TS = 60°

Z0ST = Z0TS = 30°

Hence proved.

Now

Since radius of a circle is perpendicular to the tangent at
the point of contact
A

Q2

8!

B
.. OA L AP and OB L PB
.. ZOAP = ZOBP = 90°
Now in quadrilateral PAOB
/ZP + £0 + LA + £B = 360°
Qx +3)° + (3x + 7)° + (90° + 90°) = 360°
5x + 10 = 360 — 180
5x =180 - 10
5x =170
x =34
ZTPQ = 70°
Join OT and OQ.

Radius of a circle is perpendicular to the tangent at the
point of contact



27.

- OT L PT and OQ L PQ
Z0TP = £Z0QP = 90°
In quadrilateral PTOQ
ZTPQ + £ZPQO + ZQOT + ZOTP = 360°
70° +90° + ZQOT + 90° = 360°
ZQOT = 360° - 250°
ZQOT = 110°

We know that angle subtended at the centre is twice the
angle subtended at the circle

ZQOT = 2/TRQ

ZQOT

110°
ZTRQ = =
Q 2 2

/TRQ = 55°
Join OT and let it intersect PQ at M.

In AOPT and AOQT, we have
OP = 0Q
OT =0T [Common]

TP = TQ [Lengths of tangents from an external
point to a circle are equal]

AOPT = AOQT
= L1 =22
In AMPT and AMQT, we have

TP = TQ [Lengths of tangents from an external
point to a circle are equal]

[Radii of a circle]

[By SSS congruence]
[By CPCT] ...(1)

Z1=22 [From (1)]

™ =TM [Common]

AMPT = AMQT [By SAS congruence]
MP =M

= Q [CPCT] ...2)
and /3 =/4

Also, £3 + /4 = 180°
From (2) and (3), we get

[Linear pair] ...(3)

TM is the perpendicular bisector of PQ.
1
MP =MQ = > PQ

1
2

x 8 cm =4 cm ...(4)

28.

In right APMO, we have

MP? + OM? = OP? [By Pythagoras’

Theorem]
= (4 cm)? + (OM)? = (5 cm)?
= OM? = (25 — 16) cm? = 9 cm?
= OM =3 cm

In right APMT, we have
TP? = MP2 + MT? [By Pythagoras’ Theorem]
= TP? = (4 cm)? + MT? [Using (4)] ...(5)

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact and TP is a
tangent at P and OP is the radius through P, therefore
OP L TP = ZOPT = 90°.

In right AOPT, we have
(OT)?> = OP? + TP? [By Pythagoras’ Theorem]
(MO + MT)? = OP? + TP?

=  OM? + MT? + 2MO (MT) = OP? + TP?

=  9cm? + MT? + 2(3 cm) (MT)

= (5 cm)® + 16 cm? + MT?  [Using (5)]
(25+16-9)
= =———aam
6
49 @ 6
=~ == cn
. 16 .
Substituting MT = 3 anin (5), we get
2
16
TP? = (4 cm)? + (3 cm)
= (16 + @) cm?
9
144 + 256 4
= P2 = ——— m? = % cm?
20
= TP = 3 cm

Given that P is the mid-point of arc QR of a circle with
centre at O and AB is a tangent to the circle at P.

To prove that QR || PB.

arc PQ = arc PR
. chord PQ = chord PR
.. In APQR, PQ =PR
. /PQR = /PRQ
But /PQR = ZRPB
: /RPB = /PRQ

Since
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But these two angles are alternate angles between the line
AB and chord QR. Hence, QR || PB.
Hence, proved.

29. Given that AOB is a diameter of a circle with centre at O.
C is a point on the circle such that the chord AC makes
an angle of 30° with the diameter AB, i.e. ZBAC = 30°.
CD is a tangent to the circle at C, which cuts AB produced
at D. To prove that BC = BD.

/_\B
A o)

30° D

C

Since, BC is a chord of the circle and CD is a tangent to
the circle at C,

/BCD = ZBAC = 30°.
ZACB = 90°
[. Angle is a semicircle is 90°]
ZABC = 180° - (£/BAC + ZACB)
= 180° — (30° + 90°)
= 180° - 120°
= 60°
ZCBD = 180° - ZABC
= 180° - 60°
= 120°
.. In ABCD, we have ZBCD = 30° and ZCBD = 120°
/BDC = 180° - (30° + 120°)
[Angle sum property of a triangle]

Also,

= 180° - 150°
=30°
Z/BCD = «BDC
BC = BD

Hence, proved.

30. Given that PA and PB are tangents to a circle from an
outside point P such that PA = 10 cm and ZAPB = 60°.
To find the length of the chord AB.

A
Ry
P<)
B
We know that PB =PA =10 cm
- In APAB,
/PAB = /PBA = M - 60°

. APAB is an equilateral triangle.

-. AB = PB = PA = 10 cm which is the required length
of AB.

31. (i) Given that two tangents PA and PB are drawn to a
circle with centre O from an external point P. OP, AB
and OA are joined.

OA = radius of the circle = 6 cm [Given]
Also, AM = MB = 4.8 cm [Given]
To find the length of PA.

4.8cm|4.8 cm

Since M is the mid-point of the chord AB,

.. OM L AB.

Also, since OA is a radius and AP is a tangent to the

circle,

o /PAO = 90°

Let AP =xand PM =y

From AOAM, we have by Pythagoras’ theorem,
OA? = OM? + AM?

= 36 = OM? + 4.8
= OM?2 = 36 — 4.8
=36 -23.04
=129
OM = /12.96 = 3.6 (D)

Now, from AAPM, we have
AP?2 = AM? + PM?
= x? =48 +12 ...(2)
Also, from AAPO, we have
PO? = OA? + AP?
= (PM + OM)? = OA? + AP?

= (y + 3.6 =36 +x2
= P+72+1296=36+48+1y>  [From (1)]
7.2y +12.96 = 36 + 23.04
= 7.2y = 36 + 23.04 — 12.96
=36 + 10.08
= 46.08
46.08 4608
=25 = Ty =64 ..0)
.. From (2) and (3), we have
x* =48+ 642
=23.04 + 40.96 = 64
x= 64 =8

Hence, the required length of PA is 8 cm.

(if) Given that PQ is a chord of length 8 cm of a circle
with centre at O and radius = 5 cm. Tangents at P and
Q intersect each other at T. Let OT intersect PQ at M.
OP and OQ are joined. Given that OP = OQ =5 cm.

Now, OP is a radius and PT is a tangents, at P.



PO L PT. Similarly, OQ L QT.
Now, in AOPT and AOQT, we have
OP = 0Q,

ZOPT = £0QT = 90°

and OT is common

T
Hence, by RHS congruence criterion,
AOPT = AOQT
ZPOM = ZQOM
Now, in AOPM and AOQM, we have
OP = 0OQ,

ZPOM = ZQOM

and OT is common.

[by CPCT]

Hence, by SAS congruence criterion,
AOPM = AOQM
S PM = QM
i.e. M is the mid-point of the chord PQ.
. PM =MQ =4 cm
.. From AOPM, we have by Pythagoras” theorem,
OM? = OP? — PM?

[By CPCT]

=52_42
=25-16=9
OM =3 (1)

Let MT = x cm and PT = y cm.

Now, from AOPT, we have by Pythagoras” theorem,
OT? = OP? + PT?

= (OM + MT)? = OP? + PT?

= (x +3)> =5+ 12 [From (1)] ...(2)

Again, from APMT, we have by Pythagoras’ theorem,
PT? = PM? + MT?

= P=2+x2=16+ 12 ...(3)
. From (2) and (3), we get
= (x +3)?=25+ 16 + x?
= +6x+9=25+16+x2
= 6x =32
x= 22 ()

. From (3) and (4), we get

2
y- = 16+(f)

_ 144+256 _ 400

9 9
400 _ 20

9 3
Hence, the required length of PT is % cm.

(iii) Given that PQ is a chord of a circle with centre at O.

PT and QT are two tangents to the circle intersecting
each other at an outside point T. OP and OT are
joined. Let OT intersect PQ at R. Then R will be the
mid-point of the chord PQ and OR L PQ.

Given that PQ = 4.8 cm, radius OP = 3 cm
Let TP = TQ =y cm and RT = x cm

Then, from APOT, since ZOPT = 90°, hence by
Pythagoras’ theorem, we have

OT? = OP? + PT?
= (RT + OR)? = 32 + 32
= (x +ORPZ =9 + 12 (1)
Now, from AOPR, we have

/PRO = 90°, OP = 3 cm and PR = % cm =24 cm

and RT = x cm.
.. By Pythagoras’ theorem, we have

TP? = RT? + PR?
= =2+ 242

=x2+576 ..(4)
. From (3) & (4), we get
(x+182=9+x*+576

= X%+ 3.6x + 3.24 = 14.76 + 2

= 3.6x =14.76 - 324 = 11.52
11.52
= x= s =32 ...(5)
. From (4) and (5), we get
Yy =322+576
=10.24 + 5.76
=16
y=+16 =4

Hence, the required length of the tangent TP is 4 cm.

32. Given that a circle is inscribed in a triangle ABC touching

AB, BC and AC at P, Q and R respectively such that
AB =10 cm, AR =7 cm and CR =5 cm.
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33.

3cm 5cm

B 3cm Q 5Scm C
To find the length of BC.

Since from an external point A, two tangents AP and AR
are drawn, hence, we have

AP = AR =7 cm
Similarly, we have
BQ =BP = AB - AP
=(10-7)cm =3 cm ...(D)
Also, CQ=CR=5cm [Given] ...(2)
BC =BQ + CQ
=@ +5) am=8cm
Hence, the required length of BC is 8 cm.

Since the lengths of the tangents from an external point
to a circle are equal

[Given]

Hence,

P
L N
(6] M R
PL =PN [Tangents from P]
QL =0QM [Tangents from Q] (D)
RM = RN [Tangents from R]
Let QM = x cm ...(2)
Then, RM=QR-QM = (8 - x) cm
= RN =8 -x) cm [Using (1)] ...(3)
PN =PR-RN =[12 - (8 — x)] cm
=4+ x) cm
= PL=(4+x)cm [Using (1)] ...(4)
Now PQ=PL+ QL =PL+QM [Using (1)]
= 10ecm=(4+x+x)cm [Using (2) and (4)]
= 10 cm = (4 + 2x) cm
= 2x=6 = x=3
QM =xcm =3 cm
RN = (8 -x) cm
=@-3)am=5cm [Using (3)]
and PL=@4+x)cm =4+ 3) cm
=7cm [Using (4)]
Hence, QM =3 cm, RN =5 cm and PL =7 cm.

(i) Since, the lengths of tangents from an exterior point
to a circle are equal.

A

AF = AE [Tangents from A] ...(1)
BD = BF [Tangents from B] ...(2)
CE=CD [Tangents from C] ...(3)
Adding the corresponding sides of (1), (2) and (3),
we get
AF + BD + CE = AE + BF + CD ...(4)
Now perimeter of AABC
=AB + BC + CA

= AF + BF + BD + CD + CE + AE
= (AF + BD + CE) + (AE + BF + CD)
= 2(AF + BD + CE)

=2 (AE + BF + CD) [Using (4)]

1
= 3 (Perimeter of AABC)

=AF + BD + CE = AE + BF + CD
Hence, AF + BD + CE = AE + BF + CD

1
=3 (perimeter of AABC)

) AB + CD = AF + BF + CD
= AE + BD + CE [Using (1), (2) and (3)]

= AB+ CD = (AE + CE) + BD

= AB+CD =AC+ BD
(#if) Join OA, OB and OC.

Join OE and OF.

Then, OD=0OE=0F =r

Since the tangents at any point of a circle is perpendicular

to the radius through the point of contact

OF L AB, OD 1L BC and OE L AC

OF, OD and OE are altitudes of AAOB, ABOC
and ACOA respectively.

ar(AABC) = ar(AOB) + ar(ABOC) + ar(ACOA)

[radii of a circle] ...(4)

1 1 1
ZEABXOF+EBCXOD+EACXOE

1 1 1
=5 AB x 1 + EBer+ EAer [Using (4)]



1
E(AB+BC+AC)+r

1
> (Perimeter of AABC) x r

1
Hence, area (AABC) = 3 (Perimeter of AABC) x r

35. (i) Given that ABC is a triangle in which ZB = 90°,

BC = 4.8 cm and AB = 14 cm. A circle with centre
at O is inscribed in the triangle. Let the radius of the
circle be r cm.

To find 7.

Construction: We join OA, OB and OC. We draw

OM 1L AB,ON L BC and OP L. AC where OM = ON = OP
=7 cam.

48 cm

14 cm

From AABC, we have by Pythagoras’ theorem,

AC = JAB?+BC?
= 142 +15% cm
= +J196+2304 cm

= /2500 cm
=50 cm

Now, area of AABC = %ABXBC

= %xl4><48 cm?

=336 cm? (1)

Area of AOAB %XABXOM

%x14><r =7rcm? ..(2)

L BCxON

Area of AOBC >

1
—x 48 2
5 X 48x7 cm

24 1 cm? ...(3)

and area of AAOC = %x ACxOP

%x50><r cm?

25 r cm? ...(4)

Now, ar(AABC) = ar(AOAB) + ar(AOBC) + ar(AOC)
= 336 = (7r + 24r + 25r)
[From (1), (2), (3) and (4)]

= 56r = 336
_ 3% _
= r=5 =6

Hence, the required value of r is 6 cm.

(i1) In right AABC, we have

AC? = AB? + BC? [By Pythagoras’ Theorem]
= AC? = (24 cm)? + (10 cm)?
= 676 cm?
= AC =26 cm ...(D)
Join OA, OB and OC.

Let the tangents AB, BC and CA touch the circle at
D, E and F respectively.

B

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

OD 1 AB, OE 1L BC and OF 1L AC.

= OD, OE and OF are the altitudes of AABO, ABOC,
ACOA respectively.

Now,ar(AABC) = ar(AAOB) + ar(ABOC) + ar(ACOA)
1 1 1
= EBCXABz EABXOD+ EBCXOE

1
+ - AC x OF
2
1BC AB 1AB 1BC
- X == X - X
:>2 > x+2 X

1
+ 5 CA x x [OD = OE = OF = x, radii
of inscribed circle]

1 1 1
= > x 10 cm x 24 cm = > x 24 cm x x + > x 10 cm

1
X X + 5 x 26 cm x x [Using (1)]

= 120 cm? = x (12 + 5 + 13) cm
= 120 cm? = 30x cm
120 cm? A
- = ———— =
Y= 30em o

Hence, x = 4 cm.
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(ii7) Given that ABC is a triangle such that ZABC = 90°,
BC = 6 cm and AB = 8 cm.

8cm

6 cm

A circle with centre at O and radius 7 cm is inscribed
in AABC.

OL, OM and ON are drawn perpendicular to AB, BC
and CA respectively.

o OL=0OM =ON =r cm.
OA, OB and OC are joined.
Now, from AABC, we have by Pythagoras’ theorem,

AC = VAB? +BC?
6 am
= J64+36 cm
= 100 cm?

=10 cm

Area of AABC = %BCXAB

= %x6x8 cm?
=24 cm? ..(D)
Also, ar(AOAB) = %AB Xr
= % x8Xr cm?
=4rcm? ..(2)
ar(AOBC) = % x BCx 1
= %x6 r cm?
= 3r cm? ...(3)
and ar(AOCA) = %AC xr
= %X 10r cm?
= 5r cm? ...(4)
Now, ar(AABC) = ar(AOAB) + ar(AOBC) + ar(OCA)
= 24 =4r + 3r + 5r
[From (1), (2), (3) and (4)]
= 12r = 24
= r= % =2

Hence, the required value of r is 2 cm.

36.

37.

Given that ABCD is a quadrilateral such that AB = 6 cm,
BC =7 cm and CD = 4 cm. A circle is inscribed within
this quadrilateral touching its sides AB, BC, CD and DA
at P, Q, R and S respectively. To find the length of AD.

Since A is an external point to the circle and AP and AS
are two tangents to the circle from A, hence AS = AP.

R»\-\—X C

Let AP = x.
o AS=x
Similarly, BP = BQ (1)
CQ =CR ...(2)
and DR = DS ...(3)
. From (1), BP = AB - AP
=6-x=BQ
From (2), CQ =BC-BQ
=7—-(6-x)
=1+x=CR
and from (3), DR =CD-CR
=4-(1+x)
=3-x=DS

DS =3-xand AS = x
i AD=AS+DS=x+3-x=3
Hence, the required length of AD is 3 ecm.

Now,

Since the length of tangents from an external point to a
circle are equal
C

A P B

AP = AS = x (say) [Tangents from A] ...(1)

BP = BQ [Tangents from BJ ...(2)
CR =CQ [Tangents from C] ...(3)
DR = DS [Tangents from D] ...(4)

BP = AB - AP = (18 - x) cm
BQ = (18 - x) cm [Using (2)] ...(5)
CQ=BC-BQ

=[27 - (18 — x)] cm [Using (5)]
=(27-18 4+ x) cm
=9 + x) cm ...(6)



38.

39.

CR=(9 +x) cm [Using (3) and (6)] ...(7)

DR =CD - CR

=[12-0©9 + x)] cm [Using (7)]

=(12-9-x) cm

=3 -x) cm ...(8)
DS = (3 -x) cm [Using (4) and (8)]
AD = AS + DS

=[x+ B -x]cm [Using (1)]

= AD =3 cm

Hence, AD = 3 cm.

Since the lengths of tangents from an external point to a
circle are equal

AP = AS [Tangents from A] ...(1)
BQ=BP=27cm [Tangents from B] ...(2)
CQ=CR [Tangents from C] ...(3)
DS = DR [Tangents from D] ...(4)

CR=CQ=CB-BQ
=(38-27) cm = 11 cm [Using (2)] ...(5)
DS =DR =DC - CR

=(25-11) cm [Using (5)]
=14 cm ...(6)
27cm
f—
A P B

1
=

fe— 25Rcm —
Since, the tangent at any point on a circle is perpendicular
to the radius through the point of contact
Z0SD = ZORD = 90° ...(5
In quadrilateral OSDR, we have
Z0SD = ZORD = £SDR = 90°

ZSOR =90° [Sum of angles of a quadrilateral
is 360°]

= Each angle of quadrilateral OSDR is a right angle.
Also adjacent sides DR and DS are equal. [From (4)]

= Quadrilateral OSDR is a square

= OS =OR = DS = DR [Sides of a square]
= r=14 cm [Using (6)]
= r =14 cm

Hence, r =14 cm.

Given that from an external point T, three tangents TP,
TQ and TR are drawn to two circles with centres O, and
O,, touching each other externally at the point P so that
TP is a common tangent to the two circles.

To prove that TQ = TR

40.

41.

We know that the lengths of two tangents drawn from
an external point to a circle are equal.

TQ = TP ..(1)
Since, these are two tangents drawn from an external
point T to the circle with centre O,.

TP = TR ...(2)
Since these are two tangents drawn from T to the circle
with centre O,.

. From (1) and (2), we have

TQ = TR

Hence,

Similarly,

Hence, proved.

Let EF intersect PQ and GH at X and Y respectively. Since
the lengths of tangents from an external point to a circle
are equal

Y H

XP = XC [Tangents from X to the circle
with centre A] ...(1)
XQ = XC [Tangents from X to the circle
with centre B] ...(2)
YG =YC [Tangents from Y to the circle
with centre A] ...(3)
YH =YC [Tangents from Y to the circle

with centre B] ...(4)
From (1) and (2), we get XP = XQ.
and from (3) and (4), we get YG = YH.
Hence, the common tangent at C bisects the common
tangents PQ and GH.

Given that AB and CD are two common tangents to two
circles with centres at O, and O, respectively, intersecting
each other at E.

To prove that AB = CD.

a | sepud
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Since EA and EC are two tangents drawn from an external
point E to the circle with centre O,.

Hence, we have EA = EC ...(D)
Similarly, EB = ED ...(2)
Adding (1) and (2), we have
EA + EB = EC + ED
= AB =CD
Hence, proved.
42. We have radius of bigger circle = 13 cm

and radius of smaller circle = 8 cm

Join AE
Also, AE 1 BE
BD? = OB? - OD?
[By Pythagoras” Theorem]
=169 - 64
BD? = 105
BD = V105
. BE = 2BD = 2+/105
Now in AAED
AE? + DE2 = AD? (1)
and in AAEB
AF? = AB? — BE?
(- AB = AOB =2 x 13 = 26)

= (261 - (24105 )2

= (676) — (4 x 105)
=676 — 420
=256
s AE =16
Putting the value of AE in eq. (1)
AF? + DE? = AD?
256 + 105 = AD?
AD? = 361
AD =19 cm
43. ZPBT = 30°

[since angle in a semicircle is 90°]

Prove BA:AT=2:1
Join OP
Let the radius of the circle be r
OP=0B=0OA=r
/POA = 2/PBA

(angle subtended at the centre is twice
the angle subtended at the circle)

o ZPOA =2 x 30° = 60°
Radius of a circle is perpendicular to the tangent at the
point of contact
OP L PT
Z0OPT = 90°

(radius)

In AOPT
ZOPT + £PTO + «£POA = 180°
90° + ZPTO + 60° = 180°
/PTO = 30°
In AOPA
Z/POA = 60°
OA = 0P
Z0PA = ZOAP
ZOAP + ZOPA + /POA = 180°
2/0AP + 60° = 180°
Z0OAP = 60°
Z0OAP = ZOPA = 60°
Now In ABPA and ATPO
ZPBA = /PTO (30°)

PA = PO
/PAO = £POT (60°)
ABPA = ATPO
BA = OT [By CPCT]
OT =BA =2r
OT =0OA + AT
2r =1+ AT
AT =r
BA 2r 2
AT ¢ 1
BA:AT=2:1

44. Given that ABC is a triangle with ZABC =90°. A circle with
centre at O is drawn with AB as a diameter intersecting
the hypotenuse AC at P. A tangent PQ is drawn at P
intersecting BC at Q. To prove that Q is the mid-point of
BC, ie. BQ = QC.

A

Construction: We join BP.



45.

Let ZBAC = «x.

Then ZACB =90° — x [- ZABC = 90°]
Then /BPQ = ZBAC = x
[ Angles in alternate segments are equal]
Now, ZACB =90° — x ..(1)
Also, ZAPB = ZBPC = 90°
[ Angle in a semicircle is 90°]
. ZQPC =90° — ZBPQ = 90° — x .2
. From (1) and (2), we have
ZQPC = ZACB = ZPCQ
o PQ =QC ...(3)
But QP =BQ ...(4)

[+ Tangents drawn from an external point of
a circle are equal]

. From (3) and (4), we get
BQ =QC
Hence, proved.

Given that AABC is a right-angled triangle in which
/A =90° and AB =6 cm, AC = 8 cm.

By Pythagoras” theorem,

BC = VAC? + AB?
= V82462 cm
= J64+36 cm

= /100 cm

=10 cm

We have

Let 7 cm be the radius of the incircle with centre at O,
touching the sides BC, AB and AC at P, Q and R. To find
the area of the shaded region.

1
—ABxA
> xAC

Now, area of AABC

%x6><8 cm?

=24 cm? ..

Again, ar(AOBC) = %BC Xr

2

%xlOr cme

= 5r cm? ...(2)

1

ar(AOBA) EAB Xr

%x 6r cm?

= 3r cm? ... (3)
and ar(AOAC) = %Aer

= %x 8r cm?

= 4r cm? ...(4)

.. From (1), (2) and (3), we have
ar(AOBC) + ar(AOBA) + ar(AOAC) = 24
= (G&r +3r+4r) =24

= 12r = 24
24

== =2
= r 12

Hence, the radius of the in circle is 2 cm.
Required area of the shaded region
= area of AABC - area of the circle
= (24 - 12%) cm?
= (24 — 4 x 3.14) cm?
= (24 — 12.56) cm?
= 1144 cm?

46. (i) Given that ABC is a triangle which circumscribes a

circle with centre at O and radius 4 cm such that it
touches the sides BC, CA and AB of the triangle ABC
at D, E and F respectively.

B 6cm D 8 cm C

Given that BD = 6 cm and CD = 8 cm
Construction: We join OD, OE and OF.
Also, we join OA, OB and OC.

Then OD = OE = OF = 4 ¢cm, BF = BD = 6 cm and
CE =CD =8 cm.

Let AF = AE = x cm.
To find the length of the sides AB and AC of AABC.

We have a=BC=06+8 cm=14cm ..(1)
b=AC=(8+x)cm ...(2)
and c=AB=(6+x)cm ...(3)

Semi-perimeter of the triangle is given by
S = %(14+8+x+6+x)cm

= (14 + x) cm
.. Area of AABC

= \/s(s —a)(s=b)(s—c)
= JA4+x)(14+x-14)(14+x-8-x)(14+x - 6 - x)
[From (1), (2) and (3)]

[By Heron'’s formula]
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(14 + x)xx6x8

442x + 322 (1)
Also, area of AABC
= ar(AOAB) + ar(AOAC) + ar(AOBC)

= {%x(6+x)><4+%(8+x)><4+%(6+8)><4} cm?

= (12 + 2x + 16 + 2x + 28) cm?
=4x + 56
= 4(x + 14)

From (1) and (2), we have

4N42x + 3x% = 4(x + 14)

42x + 3% = (x + 14)?
=x2 + 28x + 196
2x% + 14x - 196 = 0
¥ +7x-98=0
¥+ 14x-7x-98=0
x(x+14)-7(x+14)=0
x-7)(x+14)=0
.. Either x-7=0
Or x+14=0
which is absurd, since x cannot be negative.

We have x =7

Hence, the required length of the sides AB and AC
are respectively (6 + 7) cm = 13 ecm and (8 + 7) cm =
15 cm.

U

LUy

= x=7
= x=-14

(i) Let AB and AC touch the circle at E and F respectively.

Since the length of tangents drawn from an external
point to a circle are equal
A

B 8cm D 6cm C

BE =BD =8cm [Tangents from B]] )
CF=DC =6 cm [Tangents from C]
AE = AF = x cm (say)
AB = AE + BE = (x + 8) cm,
AC = AF + CF

=(x + 6) cm

[Tangents from A]

[Using (1)] ...(2)

Join OE and OF.
Then OD=0E=0F=4cm

[radii of incircle]

..(3)

Join OA, OB and OC.

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

=

OE L AB, OD 1L BC and OF L AC
OE, OD and OF are altitudes of AAOB, ABOC and

AAQC respectively.
Now, ar(AABC) = ar(AAOB) + ar(ABOC) + ar(AAOC)

=

U

A

1 1 1
84 cm? = EABXOE+ EBCXOD+ EACXOF

1 1 1
84 cm? = EABx4cm+ EBCx4cm+ 5AC><4cm
[Using (3)]

1
84cm2=5 x 4 (AB + BC + CA)

84 cm? = %x4[(x+8)+(8+6)+(6+x)]cm
[Using (2)]
84 cm? = 2 (2x + 28) cm
84 cm? =4 (x + 14) cm?
21 =x+ 14
x=21-14=7
AB=(x+8) cm = (7 +8) cm =15 cm
AC=(x+6)cm=(7+6)cm =13 cm

Hence, AB =15 cm, AC =13 cm.

(iif) Given that AABC circumscribes a circle with centre at

O and radius 3 cm, touching the sides BC, CA and AB
of AABC at the points D, E and F respectively such
that BD = 6 cm and DC = 9 cm. Given that ar(AABC)
=54 cm?.

B 6cm D 9cm C

Construction: We join OA, OB, OC, OD, OE and OF.
To find the lengths of AB and AC.

We have BF = BD = 6 cm
and CE=CD=9cm ...(1)
Let AF = AE = x cm

Lengths of AB and AC are respectively (6 + x) cm
and (9 + x) cm.
Now,
ar(AABC) = ar(AOBC) + ar(AOAC) + ar(AOAB)
1 1 1
= 54 = 2BC><3+ 2AC><3+ 2AB><3

= %x(6+9)><3+%><(9+x)><3+%><(6+x)><3



54><% =15+9+x+6+x
= 36 =2x+30
= 2x=6
= x=3
The required lengths of AB and AC are respectively
(6 +3) cm and (9 + 3) cm, i.e., 9 cm and 12 cm.

(iv) Given that APQR circumscribes a circle with centre at
O and radius 8 cm, touching the sides QR, RP and PQ
at the points T, S and U respectively such that QU =
QT =14 cm and RS = RT = 16 am.

Q 14cm T 16 cm R

Let PU =PS = x cm.
Given that ar(APQR) = 336 cm? (1)
To find the lengths of PQ and PR.
Construction: We join OQ, OR, OP, OT, OS and OU
We have
QR = (14 + 16) cm = 30 cm,
PQ= (14 +x) cm
and PR = (x + 16) cm.
Now, ar(APQR) = ar(AOQR) + ar(AOPR) + ar(AOPQ)

- 336 = %XQRXS+%><PR><8+%><PQ><8
= 4(QT + RT) + 4(RS + PS)
+ 4(QU + PU)
=4(14 + 16) + 4(16 + x) + 4(14 + x)
= 84=30+16+x+ 14 + x
=60 + 2x
= 84 — 60 = 2x
= X = % =12
PQ=14+12=26
and PR=16 +12 =28

Hence, the required length of PQ and PR are respectively
26 cm and 26 cm.

47. Given that P and Q are two points on a circle with centre

at O such that OP L OQ. Two tangents at P and Q meet
each other at an external points T. PQ and OT are joined.

To prove that PQ and OT intersect each other at a point
R such that PQ and OT bisect each other at R at right
angles.

48.

49.

Since, OP is the radius and PT is a tangent to the circle
at P,

ZOPT = 90°

Since /POQ = 90°
/POQ + ZOPT = 180°

- 0Q | PT.
Similarly, OP | TQ.

Hence, OPTQ is a ||gm
Also, TP = TQ and ZOPT = 90°.
i.e. two adjacent sides TP and TQ are equal.

Hence, the ||gm OPTQ is a square with diagonals OT and
PQ.

We know that two diagonals of a square bisect each other
at right angles. Hence, OT and PQ bisect each other at R
at right angles, i.e. RO = RT and PR = RQ.

Also, ZPRO = ZORQ = 90°

Hence, proved.

Given that AB and CD are two common tangents to two

circles with centres at O and O, intersecting each other
at E. To prove that O, E and O’ are collinear.

Construction: We join OA and O'D.

A
X
0
c
Let ZAOE = x
ZOAE = 90°
ZAEO = 90° - x (1)

In AAOE, AEQ' is an exterior angle.
ZAEQ" =180 - LAEO
=180° - 90° + x
=90° + x ...(2)
.. From (1) and (2), we have
ZAEO + ZAEQ' =90° + 90° = 180°
But E is the point of intersection of two tangents.
O, E and O! lie on the same line, i.e. these three points
are collinear.

Given that two circles with centres A and B and radii
4 cm and 9 cm respectively touch each other externally. Let
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50.

PQ be a common tangent to the two circles where P and
Q are the points of contact on the two circles respectively.
We join AP and BQ. Then, AP = 4 cm and AP 1 PQ and
BQ =9 cm and BQ 1 PQ.

Also, ZAMQ = 90°.
Hence, AM || PQ and AP || QM.

The opposite sides of the quadrilateral are parallel
and each of its angles is 90°.

The quadrilateral is a rectangle or a square.
BM = BQ - MQ

=0@-4)am=5cm ...(1)
Now, since the two circles touch each other externally,
hence, distance between their centre = sum of their radii

AB=4+9 cm =13 cm ...(2)

. In right-angled triangle AMB, we have by Pythagoras’
theorem,

Now,

AM = VAB? - BM?
= v13%2-52 cm [From (1) and (2)]
= 144
=12 cm ...(3)

Hence, the adjacent sides of the quadrilateral are 12 cm
and 14 cm. Since these sides are unequal hence, the figure
APQM is a rectangle.

(i) From (1) BM =5 cm and from (3), we have

(i) PQ = AM =12 cm.

Hence, the required lengths of BM and PQ are respectively
5 cm and 12 cm.

Given that AB and CD are two common tangents to two

circles of unequal radii. Let the centres of these circles be
Oand O

To prove that AB = CD

Construction: We join, OA, OC, O'B and O'D. We now
draw O'M L OA and O'N 1L OC.

.. The figures ABO'M and CDO'N are rectangles.

S MO’ = AB ...(1)
and NO' =CD ...(2)
But MO’ = AB ..(3)
and NO' =CD ...(4)

[- ABCD is a rectangle]

3. (c

AB =CD [From (3) and (4)]

Hence, proved.

CHECK YOUR UNDERSTANDING

— MULTIPLE-CHOICE QUESTIONS ——

For Basic and Standard Levels
1. (b) 14 cm

Since the tangent at
any point on the circle
is perpendicular to the
radius through the point
of contact and PT is a
tangent T and OT is the
radius through T, . OT L PT.

In right AOTP, we have
OT? + PT? = OP?
= OT2 = OP? - PT?
= (25 cm)? — (24 cm)?
= (625 — 576) cm? = 49 cm?
= OT =7 cm
= radius =7 cm

[By Pythagoras’ Theorem]

Diameter = 2 x radius
=2x7cm =14 cm.

2. (b) 45°

PA 1 OA (Refer to MCQ 1)

AN

cm

In right AOAP, we have
OA? + PA% = OP?
= (3Y2cm)? + PA2 = (6 cm)?
= PA? = (36 - 18) cm?

[By Pythagoras” Theorem]

=18 cm?
= PA = V18 cm
= 3J2 cm
Now, in AOAP, we have OA = PA
ZAPO = LZAOP = x° (say)

Also ZAPO + ZAOP + ZOAP = 180° [Sum of angles
of a triangle]

= ZAPO + ZAPO + 90° = 180°
= 2/APO = 180° - 90°
= 2/APO = 90°
= ZAPO = 45°
) Infinite

A circle can have infinite number of tangents because
there are infinite number of points on a circle. Each



of these tangents has a parallel tangent at the end of
the diameter drawn through the point of contact.

So, a circle can have infinite parallel tangents.

4. (b) 15 cm
OB L AB [Refer to MCQ 1]
In right AOBA, we have
OB? + AB? = OA? [By Pythagoras’ Theorem]
= AB? = (17 cm)? — (8 cm)?

5. (d) 115°

=

=
=9
6. (b) 100°

= (289 - 64) cm?
= 225 cm?
AB =15 cm ...(D)

AC = AB [Lengths of tangents drawn from an
external point to a circle are equal]

AC =15 cm [Using (1)]

OT L PT [Refer to MCQ 1]
ZOTP = 90° (D)
x = ZOTP + ZTPO [Exterior angle = Sum of
interior opposite angles]
x =90° + 25° [Using (1)]
x = 115°
o Q
« 50°
A< P B
OP L APB [Refer to MCQ 1]
ZOPB = 90°

ZOPQ = ~OPB - ZQPB
ZOPQ = 90° - 50° = 40°

Z0QP = ZOPQ = 40° [Angles opposite equal sides
OQ and OP of AOPQ]

In AOPQ, we have

U

Z0QP + Z0PQ + ZPOQ = 180° [Sum of angles
of a triangle]

40° + 40° + ZPOQ = 180°
ZPOQ = 180° — (40° + 40°)
= 100°

7. (c) 80°

A

\V4

P

PA and PB are tangents at the end of radii OA and
OB such that ZAOB = 100°.

OA L PA and OB L PB  [Refer to MCQ 1]
In quadrilateral OAPB, we have
/PAO + ZAOB + ZOBP + ZAPB
= 360° [Sum of angles of a quadrilateral]
= 90° + 100° + 90° + ZAPB = 360°
= ZAPB = 360° - (90° + 100° + 90°) = 80°
8. (c) 40°
ZCBA =90° [Angle in a semicircle]

In AABC, we have
/ACB + Z/CBA + ZCAB

=180° [Sum of angles of triangle]
= 40° +90° + ZCAB = 180°
= ZCAB = 180° — (40° + 90°)
= 50° ..(1)
OA L AT [Refer to MCQ 1]

= ZOAT =90°
Z0OAT = ZOAB + ZBAT

= Z/CAB + ZBAT
= 90° = 50° + ZBAT [Using (1)]

= /ZBAT =90° - 50° = 40°

9. (a) 30°
Q ' R
P

OoQ L QP [Refer to MCQ 1]
=  OQP =90° ...(1)

Z0QP + ZOPQ = 120° [Exterior angle = Sum of
interior opposite angles]

=  90° + ZOPQ = 120° [Using (1)]
= ZOPQ = 120° — 90°
= Z0PQ = 30°

N | sopad



RN | circles

10. (a) 25°

4‘}

0Q 1L PQ
and  OR L PR [Tangent at any point of a circle is
perpendicular to the radius through
the point of contact]

= Z0QP =90° and ZORP = 90° ...()
In APQR, we have

PQ = PR [Lengths of tangents drawn from an
external point to a circle are equal]

= ZPQR = £PRQ = x (say) [Angles opposite

to equal sides] ...(2)
In APQR, we have
ZQPR + ZPQR + ZPRQ = 180°
[Sum of angles of a triangle]

= 50° + x + x = 180° [Using (2)]
= 50° + 2x = 180°
= 2x = 180° - 50° = 130°
= x = 65°
= ZPQR = 65°  [Using (2)] ...(3)
Z0QR + ZPQR = £20QP
= Z0QR + 65° = 90° [Using (3)]
= Z0OQR = 90° — 65°
= 25°
11. (b) 40°
A c B
o]
702
P 0 >R

ZABQ = ZBQR = 70° [Alt. Zs, AB || PQR] ...(1)
Let QO meet AB at C.

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

0Q L QR
= ZOQR = 90°
- ZCQR = 90° .2
ZCQB = Z/CQR - /BQR
= 90° — 70° [Using (2)]
= /CQB =20° ..(3)

In ABCQ, we have

ZCQB + ZCBQ + £QCB = 180° [Sum of angles of
a triangle]

= 20° + 70° + ZQCB = 180°[Using (1) and (3)]
ZQCB = 90°

U

= OC 1L AB

Since perpendicular drawn from the centre of the circle
to a chord bisects the chord

OC bisects AB
= AC = BC ...(4)
In right AQCA and right AQCB, we have
AC = BC [Using (4)]
CQ=CQ [Common]
AQCA = AQCB [By SAS congruence]
= ZCQA = ZCQB [CPCT]
= ZCQA =20° [Using (3)] ...(5)
ZAQB = ZCQA + ZCQB
=20° + 20° [Using (5) and (3)]

=  ZAQB = 40°
12. (b) x = 35° y = 55°
In APQO and APRO, we have

PQ = PR [Lengths of tangents from an external
point to a circle are equal]

R
OP = OP [Common]
0Q =O0R [Radii of a circle]
APQO = APRO [By SSS congruence]
= ZQPO = ZRPO [CPCT]
= 35° =«

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

Z0QP = 90° (D)
In AOQP, we have

Z0QP + ZQPO + £POQ = 180° [Sum of angles
of a triangle]

90° + 35° + y = 180°  [Using (1)]
y = 180° — (90° + 35°)
= 180° - 125° = 55°

U

U

Hence, x = 35° y = 55°.

]\
"

B

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

ZOAT = 90° and ZOBT = 90° (1)

AOTB = AOTA [By SSS congruence]

[Refer to solution of Q. 14]



1. )

15. (d)

16. (a)

/0TB = ZOTA
= ZOTB = 40°
In quadrilateral OATB, we have

ZOAT + ZATB + ZOBT + ZAOB = 360°
[Sum of angles of a quadrilateral]

90° + (LOTA + £OTB) + 90° + ZAOB = 360°
90° + (40° + 40°) + 90° + ZAOB = 360° [Using (2)]
ZAOB = 360° — (90° + 40° + 40° + 90°)

= 360° — 260° = 100°

[CPCT] ...(2)

udu

8 cm
Join OP and OC.
Then, OP = 3 cm and OC =5 cm.

Since, the tangent at any point C
on a circle is perpendicular to
the radius through the point of o b

contact and BPC is tangent to
the smaller circle at P and OP /
is the radius through the point A o) B
of contact P.

OP L BPC = ZOPC =90°
In right AOPC, we have
OC? = OP? + PC? [By Pythagoras’ Theorem]
= (5 m)? = (3 cm)? + PC?
=  PC2=(25-9) cm? = 16 cm?
= PC=4cm

Since a perpendicular from the centre of a circle to a
chord bisects it

In the larger circle OP bisects BPC
BC=2PC=2x4cm=8cm
10 cm

Since the lengths of tangents drawn from an external
point to a circle are equal

BL=BN =4cm [Tangents from B] ...(1)
CL=CM =6cn [Tangents from C] ...(2)
Now, BC =BL + CL

=4 cm + 6 cm
= BC =10 cm

30 cm

[Using (1) and (2)]

Since the lengths of tangents drawn from an external
point to a circle are equal

17. (c)

18. (a)

PB=PA=4cm
QA=QC=6cm

[Tangents from P] ...(1)
[Tangents from Q] ...(2)

RC=RB=5cm [Tangents from R] ...(3)
p 4cm A Q
6 cm
B C
5cm

Perimeter of APQR
=PQ + QR + PR
=PA + QA + QC + RC + RB + PB

=@4+6+6+5+5+4)cm [Using (1), (2)
and (3)]

=30 cm

4 cm

Since the lengths of tangents drawn from an external
point to a circle are equal

CP =CQ [Tangents from C] ...(1)
BR = BQ [Tangents from BJ ...(2)
CQ=CP [From (1)]
= BC + BQ =11 cm
= 7 cm + BR =11 cm [Using (2)]
= BR =(11-7) cm
= BR=4cm
18

Since the lengths of tangents drawn from an external
point to a circle are equal

EK = EM [Tangents from E] ...(1)
DH = DK [Tangents from D] ...(2)
FH = FM [Tangents from F] ...(3)
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Perimeter of AEDF 21. (a) 6 cm
=ED + DF + EF
=ED + (DH + FH) + EF
= (ED + DK) + (FM + EF) [Using (2) and (3)]
= EK + EM
=EK + EK [Using (1)]
=2EK =2x 9 cm

=18 cm
19. (c) PQ Since the lengths of tangents drawn from an external
point to a circle are equal

QB=QA =4cm [Tangents from Q] ...(1)
RC=RB =(7-4) cm

=3 am [Tangents from R] ...(2)
SC =SD =3 cm [Tangents from S] ...(3)
SC + RC = SR

= 3am+ 3 cm =SR

= 6cm =x

Since the lengths of tangents drawn from an external — X=6cm
point to a circle are equal 2. (b) x = 100°, y = 85°
PD = PA [Tangents from P] ...(1) ’

Since, the opposite sides of a quadrilateral circumscribing
QB =QA [Tangents from Q] ...(2) a circle subtend supplementary angles at the centre

Adding the corresponding sides of (1) and (2), we get

PD + QB = PA + QA = PQ BQ
20. (d) 34 units
Since the lengths of tangents drawn from an external ‘V‘
point to a circle are equal ‘

AS = AP [Tangents from A] ...(1) *

BP = BQ [Tangents from BJ ...(2) IS 5 R

CR =CQ [Tangents from C] ...(3) x+80° = 180° and y + 95° = 180°

DR = DS [Tangents from D] ...(4) N ¥=100° and y = 180° — 95° = 85°

AS = AP =2 [Using (1)] ...(5) Hence, x = 100°, y = 85°,

BQ=BP =4 [Using (2)] 23. (c) 60 cm?

CQ=10-4=6 Since the tangent at B

CR=CQ=6 [Using (3)] ...(6) any point of a circle is ‘

DR =DS =5 [Using 4)] ...(7) peltpendicular to the m A
radius through the point "
of contact.

: OB 1L AB C
= ZABO =90°
In right AABO, we have

AB? + OB? = AQ? [By Pythagoras’ Theorem]
= AB?+ (5 cm)? = (13 cm)?

= AB? = (169 - 25) cm?
Perimeter of quadrilateral ABCD - 144 cm?
= AB + BC + CD + DA = AB =12 em (D)
= (AP + PB) + BC + (CR + DR) + (DS + AS) In AABO and AACO, we have
=[2+4+10+(6+5) + (5 + 2)] units AB = AC [Lengths of tangents from an
[Using (), (6) and (7)] external point to a circle are
= 34 units equal]



OA = 0OA [Common]
OB = OC [Radii of a circle]
AABO = AACO
= ar(AABO) = ar(AACO) ...2)

1
ar(AABO) = > AB x OB

1
=5 x 12 cm x 5 cm [Using (1)]

= ar(AABO) = 30 cm? ...(3)
ar(AACO) = 30 cm? [Using (2)] ...(4)

ar quad ABOC = ar(AABO) + ar(AACO)

30 cm? + 30 cm? [Using (3) and (4)]

= 60 cm?

24. (b) 2
XY and PQ are common tangents to two intersecting

circles.
A B Y
X
P
c D Q

For Standard Level
25. (a) 3V3 em
In APAO and APBO, we have

PA = PB [Lengths of tangents drawn from an
external point to a circle are equal]

OA = OB [Radii of a circle]
OP = OP [Common]
APAO = APBO [By SSS congruence]

o

60
= ZAPO = /BPO = 2

A
P
B

In right AOAP, we have

3
tan 30° = ——cm
an AD
1 3cm

= I3 AP
= AP = 3V3 m

26. (a) Isosceles
C
f : }7’ 3%\
30° / y

ZACB = 90°
In AACB, we have
ZCAB + ZACB + ZOBC

[Angle in a semicircle] ...(1)

= 180° [Sum of angles of a triangle]
= 30°+90° + ZOBC = 180° [Using (1)]
= Z0OBC = 60° (2
= /3 =60° [Angles opposite to equal sides

OB and OC of AOBC] ...(3)
Z1 + /3 =/ACB
= Z1+ /£3=90° [Using (1)]
= Z1+60°=90° [Using (3)]
= /1 =30° .4
Also £2 + /3 = Z0CD
= 2+ /3=90° [OC L CD, Refer to MCQ 1]
L2+ /3=/1+ /3
= /2 =/1=30° [Using (4)] ...(5)
Z2 +y = ZOBC [Exterior angle = sum of
interior opposite angles]

30° + y = 60° [Using (5) and (2)]
= y =30° ...(6)

BC = BD [Sides opposite equal angles y
and £2, using (5) and (6)]

ABCD is an isosceles triangle.
27. (b) 4 cm
In AACP and ABCP, we have
CA =CB
CP = CP [Common]

PA = PB [Lengths of tangents drawn from an
external point to a circle are equal]

[Radii of a circle]

A

Jor

B

AACP = ABCP [By SSS congruence]

o

= JAPC = /BPC = = 45° [CPCT] ...(1)

In AACP, we have

AC 4
tan APC = — = tan45° = s [Using (1)]

AP AP
1= dm L apoy
= =p = =4 cm
1
28. (c) g
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Since the tangent at any point on a circle is perpendicular
to the radius through the point of contact

ZATO = 90° ..(1)

ZAQO" =90° [QQ L AT, given] ...(2)
From (1) and (2), we get

ZATO = ZAQQO..
But these are corresponding angles.

oQl ot

In AAOT, we have
oQlor
%(_? = iCO) [By BPT]
AQ r r r
AT ~ AP+PO  2r+r 3r

=

W~

29. (b) V127 cm

0 &

3cm,

Since, the tangent at any point on a circle is perpendicular
to the radius through the point of contact and PA is
a tangent to the bigger circle at A and OA the radius
through the point of contact

OA 1L PA = ZOAP = 90°
In right AOAP, we have

OP? = OA? + AP? [By Pythagoras’ Theorem]
= OP? = (6 cm)? + (10 cm)? = 136 cm? ~..(1)

PB is a tangent to the smaller circle at B and OB is
the radius through the point of contact B.

OB L BP = ZOBP = 90°

In right AOBP, we have
OP? = OB? + BP?  [By Pythagoras’ Theorem]
= 136 cm? = (3 cm)? + BP? [Using (1)]

= BP? = (136 — 9) cm? = 127 cm?
= BP = v 127 cm

30. (4) 8 cm

X

A

5cm—+0O M Q

<—8cm—>|B
A

<

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact and XPY is
a tangent at P and OP is the radius through P,

OP L XPY = «XPO = 90° (D)
Let diameter PQ and chord AB intersect at M

ZXPO + LZAMP = 180° [Co. int. angles,

XPY || AB]
= 90° + ZAMO = 180° [Using (1)]
= ZAMO = 90°
In right AOMA, we have
OM? + AM? = OA? [By Pythagoras” Theorem]
= (3 cm)? + AM? = (5 cm)? [OM = PM - OP
=(8-5)cm =3 cm]

= AM2 = (25 - 9) cm?
= AM? = 16 cm?
= AM =4 cm

Since the perpendicular from the centre of a circle to
a chord bisects the chord

OM bisects AB

= AB=2AM=2x4cm =8 cm
31. (d) AD =7 cm, BE=5cm
C
§ ®
S F ES
A D B
12cm

Since the lengths of tangents drawn from an external
point to a circle are equal

AF = AD
= x cm (say) [Tangents from A] ...(1)
BE = BD
=(12-x)cm  [Tangents from B] ...(2)
CE = CF [Tangents from C] ...(3)
= (10 -x)cm = [8 = (12 - x)] cm
= 10-x=8-12+x
= 10+12-8=2x
= x=7
= AD =7 cm
and BE = (12 —x) cm
=(12-7)cm
=5cm [Using (1) and (2)]

Hence, AD =7 cm, BE =5 cm.

32. (d) 5cm

Let PQ, QR, SR and SP touch the circle at A, B, C and
D respectively.



Since the lengths of tangents drawn from an external
point to a circle are equal

PA = PD [Tangents from P ...(1)

QA =QB [Tangents from Q] ...(2)

RB = RC [Tangents from R] ...(3)

SC =SD [Tangents from S] ...(4)
Let PA=xcm

Then, QA =QB = (6.5-x) cm
= RB=73-(65-x)cm
= (0.8 + x) cm
= RC = (0.8 + x) cm
PD =PA =xcm

[Using (2)]

[Using (3)] ...(5)

= SD = (4.2 - x) cm
= SC=(42-x)cm [Using (4)] ...(6)
RS = RC + SC
=[(0.8 + x) + (4.2 - x)] cm [Using (5)
and (6)]
= RS =5cm

33. (d) 65°, 50°, 65°
Since the lengths of
tangents drawn from an
external point to a circle
are equal.

A
)=
cK] >P
PB = PA \/

= /PAB = ZPBA [Angles opposite to equal sides
of the APAB] (D

In APAB, we have
ZAPB + /PAB + ZPBA
=180° [Sum of angles of a triangle]

= 50° + ZPBA + ZPBA = 180° [Using (1)]
= 2/PBA =130°
= Z/PBA = 65°
ZCAB = /PBA = 65° [Alternate angles
AC || PB] ...(2)

Join OA and OB.
In quadrilateral AOBP, we have
/PAO + /PBO + ZAPB + ZAOB

= 360° [Sum of angles of

quadrilateral AOBP]
= 90° + 90° + 50° + LAOB = 360°
= ZAOB = 360° — (90° + 90° + 50°)
AAOB = 360° - (230°)
= ZAOB = 130°

2/ACB = ZAOB [Angle subtended by an arc at
the centre is double the angle
subtended by it at any point on
the remaining part of the circle]

= /ACB= % ZAOB = % x130° = 65°  ...(3)
In AABC, we have
ZCAB + ZACB + ZABC
=180° [Sum of angles of a triang]le]
= 65° + 65° + LABC = 180°
= ZABC = 180° — (65° + 65°) = 50° ...(4)
So, the angles of the triangle are 65°, 50°, 65°
[Using (2), (4) and (3)]
Alternative Method: Use alternate segment theorem.
34. (c) 30 cm
Join OP.

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

OQ L AD and OP L AB
= Z0QA = 90° and ZOPA = 90°
Also  ZQAP =90° [£ZA =90°, given]
So, in quadrilateral AQOP, each angle is 90° and
OQ = adjacent side OP [Radii of a circle]
Quadrilateral AQOP is square
AP =0Q =14 cm ...(1)

Since the lengths of tangents drawn from an external
point to a circle are equal.

CS=CR=23cm [Tangents from C]
BP = BS = (39 - 23) cm

=16 cm [Tangents from BJ ...(2)
AB = AP + BP
=14 cm + 16 cm [Using (1) and (2)]
= AB =30 cm

35. (d) 90°
Draw XY the common tangent at P to the externally
touching circles and let it intersect AB at C.
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36.

37.

38.

Since the lengths of tangents drawn from an external
point to a circle are equal.

CA =CP and BC =CP
ZCPA = ZCAP = x (say)

and ZCPB = ZCBP =y (say) (1)
[Angles opposite to equal sides]

In AABP, we have
ZBAP + ZAPB + ZABP
= 180° [Sum of angles of a triangle]

= ZCAP + (£CPA + £CPB) + ZCBP = 180°
= X+ (x+y) +y=180° [Using (1)]
= 2x + 2y = 180°
= x+y=90°
= ZCPA + ZCPB = 90°
= ZAPB = 90°
(@) 9 cm

Given that two circles touch each other externally at T. QR
is a common tangent to the two circles and P is a point
on QR such that PT is a tangent to the two circles at T.
To find the measure of QR.

Q P R

We have, PQ=PT=PR=45cm
QR = QP + PR
= (4.5 +45) cm
=9 cm
(c) 24 cm

Given that BC and BD are two tangents drawn from an
external point B to a circle with centre at O and radius
9 cm. OB and OC are joined.

Given that OB =15 cm

Also, OC =9 cm

To find the measure of BC + BD
Z0OCB = 90°

.. By Pythagoras’ theorem, we have

BC = YOB?-0C?
= V15 -9 cm
= +225-81 am

Also, BD =BC =12 cm
=144 cm =12 cm
BC + BD = (12 + 12) cm = 24 cm
(d) 26 cm

Given that two circles, with centres at O and O’ and radii
3 cm and 5 cm touch each other externally. P and R are
two external points such that PR passes through O and

39.

40.

O’ and PT and RT" are tangents at T and T’ respectively
such that PT = 4 cm and RT' = 12 cm.
To find the length of PR.
T 1§
) o &

7

g %

P R
(0]

Since the two circles touch each other externally,

.. The distance between their centres is equal to the sum
of their radii

ie. OO =B +5) cm =8 cm ..(D)
Now, by Pythagoras” theorem, we have

PO = VPT? +OT?
= V42+3% cm
=25 cm

=5cm ...(2)

OR = VRT?+0OT? cm

[ ZO'TR = 90°]

and

= V12245% cm
= 144425 cm
= 169 cm
=13 cm ...(3)
PR = PO + OO’ + O'R
=(5+8+13) cm
[From (1), (2) and (3)]

Hence,

=26 cm
(b) AC =BC
Given that a circle is inscribed in a triangle ABC such that

the sides AB, BC and CA touch the circle at P, R and Q
respectively. It is also given that AP = PB.

B R C

To find a relation between two sides of the triangle.
We have AP =PB = BR = AQ (1)
Now, CQ=CR
= CQ+AQ=CR+AQ=CR+ AP

=CR +PB

=CR + BR [From (1)]
= AC =BC
() 23 em

Given that P is an external point to a circle with centre
at O such that OP = 4 cm. A is a point on the circle such



that AP is a tangent to the circle at A. We join OA. Then
ZOAP = 90°.

e

A P
Given that OP = 4 cm and ZOPA = 30°.
To find the length of AP.
From AOAP, we have
AO = OP sin 30°

= 4><% cm =2 cm
By Pythagoras’ theorem, we have
AP = JOP? - OA?
T am
V12 em
23 am

SHORT ANSWER QUESTIONS

For Basic and Standard Levels
1. Prove that AB = CD

Length of tangents drawn from an external point to a
circle are equal

EA = EC 1)
EB = ED 2)
Adding equation (1) and (2), we get
EA + EB = EC + CD
AB =CD
Hence, proved.
2. In AOAP and AOBP, we have
OA = OB [Radii of a circle]
oP = OP [Common]

PA = PB [Lengths of tangents drawn from an
external point to a circle are equal]

AOAP = AOBP [By SSS congruence]

= Z0OPA = ZOPB =

= 30° [CPCT] ...(1)

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

OA L AP = ZOAP = 90°

In right AOAP, we have

sin ZOPA = %
opP
—  sin30°= é [Using (1)]
1 a
- 2 OP
= OP = 2a

Hence, OP = 2a

. Prove OT is a right bisector of line segment PQ

Join OP and OQ
Now In AOPT and AOQT
TP = TQ [Tangents from same point]

OoP = 0Q [Radii of a circle]

OT =0T [Common]

AOPT = AOQT [By SSS congruence]

L /PTO = ZQTO [CPCT]
Now In APDT and AQDT
TP = TQ

/PTD = ZQTD

DT =DT

APDT = AQDT [By SAS congruence]

PD =QD (CPCT)

/PDT = 2QDT (CPCT)

/PDT + ZQDT = 180° (Linear pair)

2/PDT = 2/QDT = 180°
/PDT = 2QDT = 90°
Hence OT is the right bisector of line segment PQ

. Given that two circles touch each other internally at A. P

is any point on the tangent AT at the point A of the two
circles.
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Two tangents PC and PB are drawn from P to the two
circles. To prove that PB = PC.

From an external point P, two tangents PA and PC are
drawn to the smaller circle.

PA = PC (1)

Again, two other tangents PA and PB are drawn from P
to the bigger circle.

- PB = PA .2
.. From (1) and (2), we have PB = PC
Hence, proved.

. Given that PQL and PRM are two tangents to a circle with

centre O, drawn from an external point P of the circle.

0OQ, OR, OS, SQ and SR are drawn such that ZSQL = 60°
and ZSRM = 50°.

To find the measure of ZQSR.
Since OQ 1 PL and OR L RM.
We have Z0QS = Z0QL - £ZSQL

=90° — 60° = 30° ...(1)
Also, Z/0ORS = ZORM - ZSRM

=90° — 50° = 40° .2
Again, since 0Q =0S =0R

= radius of the same circle
o £0SQ = £0QS = 30° [From (1)] ...(3)
and Z0OSR = ZORS = 40°

[From (2)] ...(4)
Hence, ZQSR = Z0SQ + ZOSR
=30° + 40° [From (3) and (4)]
=70°

which is the required measure of ZQSR.

. In right AABC, we have

BC? = AC? + AB? [By Pythagoras’ theorem]

= BC2 = (8 cm)? + (6 cm)?
= BC? = 64 cm? + 36 cm?
=100 cm?
= BC =10 cm ...(D)

Join OA, OB and OC.

Let the tangents AC, AB and BC touch the circle at D, E
and F respectively.

Since the tangents at any point of a circle is perpendicular
to the radius through the point of contact.

- OD 1L AC, OE L AB and OF 1L BC

6 cm

= OD, OE and OF are the altitudes of AAOC, ABOA and
ABOC respectively.

Now, ar(AABC) = ar(AAOC) + ar(ABOA) + ar(ABOC)

%XABXAC = %XACXOD+%XABXOE+%XBCXOF
LU ABXAC = LxACxx+LxABxx+LxBCxx
2 2 2 2

[OD = OE = OF = x, radii of inscribed circle]

l><6 cm X 8 cm

2

=lecmxx+lx6cmxx+lX10cmxx

2 2 2
[Using (1)]
= 24 cm? = x(4 + 3 + 5) cm
= 24 em? = 12x cm
= = 24cm” =2cm
T 12em

Hence, x = 2 cm.

. Since the tangent at any point of a circle is perpendicular

to the radius through the point of contact

N

A
OC L ACB = ZOCB = 90°

In right AOCB, we have
OC? + CB? = OB? [By Pythagoras’ Theorem]

2 (ABY 5 .

= o+ - ) = 1y [Perpendicular from the
centre of the circle to the
chord bisects the chord and
OC L chord ACB of the
larger circle]

2
2 c .
= o+ (E) =1 [AB = ¢, given]
2 c? 2 2 2
= 1 +Z=1’2 = 41 +c2=4n
Hence, 41‘22 = 47'12 +c2



8. Given that APQR is an isosceles triangle with equal sides

PQ = PR = 12 ecm, which is inscribed in a circle with centre
at O and radius = 18 cm. QO and RO are joined. Then
OQ =0R =0P =18 cm.

To find the area of APQR.
Let QM = x cm and OM = y cm
Then from AOQM, since
ZQMO = 90°
.. By Pythagoras’ theorem, we have
QM2 + OM? = OQ?
= ¥ +y?=18 .1
and from APQM, since, QM = x cm
PM = (18 —y) cm
and PQ =12 cm
Hence, by Pythagoras’ theorem, we have
PQ? = PM? + QM?
= 122 = (18 — y)* + x?
= ¥+ 18-y =122 .2
.. Subtracting (2) from (1), we get
Y — (18 — y)?> = 18 - 122
= W+18-y) y-18+y) = (18 +12) (18 - 12)

= 182y - 18) = 30 x 6
= 36y — 182 = 180

_ 18%+180
= Y= "3

_ 324+180 _ 504 _

= = = L0
Hence, from (1), x> = 324 — 147

=324 - 196

=128

x= 82 (4

Now, since PM is a median of APQR.
ar(APQR) = 2 ar(APQM)

=2><%QM x PM

QM x PM = x x (18 - 1))
8v2 x (18 — 14) cm?
[From (3) and (4)]

3242 cm?
which is the required area of APQR.

9. Given that ABC is a triangle circumscribing a circle with

centre at O and radius r. Let a, b, ¢ be the lengths of
the sides of AABC opposite to the vertices A, B and C
respectively. Given that S is the area of AABC and s is
the semi-perimeter of AABC, i.e.

_a+b+c
—5 ..(1)

To prove that S = rs.

Construction: We join OA, OB and OC.

We have
ar(AABC) = ar(AOBC) + ar(AOAC) + ar(AOAB)
S S A
= Sar+t 2br+ ke
= S = l(a+b+c)r =sr  [From (1)]

2
Hence, the result.

VALUE-BASED QUESTIONS

For Basic and Standard Levels

1. (i) Since the lengths of tangents drawn from an external

point to a circle are equal

AS = AP

=x m (say) [Tangents from A] ...(1)
BP = BQ [Tangents from BJ ...(2)
CR =CQ [Tangents from C] ...(3)
DR = DS [Tangents from D] ...(4)
BP=AB-AP=5m-xm

=6G-x)m [Using (1)]

= BQ=(5-x) [Using (2)]

CQ=BC-BQ=[3-(5-x)]m

=(x-2)m
CR=(x-2)m [Using (3)]
DR=CD-CR=[68-(x-2)m

=(88-x)m
DS=(88-x)m [Using (4)] ...(5)
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Now, AD = AS + DS

=[x+ @B88-x)]m
= AD =88 m
Hence, AD = 8.8 m

(ii) Empathy and environment awareness.

[Using (1) and (5)]

2. (i) Since the lengths of tangents drawn from an external

point to a circle are equal
B

|
|
|
F

A C
BE=BD=30m [Tangents from B] ...(1)
CF=CD=7m [Tangents from C] ...(2)

AE = AF = x m (say)[Tangents from A] ...(3)
In right ABAC, we have
AB? + AC? = BC? [By Pythagoras’ Theorem]
(B0 + x)? + (x + 7)2 = (37)2
900 + x2 + 60x + x2 + 14x + 49 = 1369
2x2 + 74x + 949 — 1369 = 0
2x2 + 74x — 420 =0
x2 +37x-210=0
X2+ 42x -5x -210=0
x(x+42)-5(x+42)=0
(x+42) (x-5)=0
Fitherx + 422 =0o0orx-5=0
x = 42 (Rejected) or x =5 ...(4)
AB = (30 + x)m
=B0+5m=35m
AC=56+7m=12m
and BC=3B0+7)m=37m
In 28 seconds, the person jogs
=(B5+37+12)m=84m

L O L | 2 R

[Using (3) and (4)]

84
In 1 second the person jogs = M= 3m

Thus, his average speed of jogging is 3 m/s.
(i) Join OE and OF.

Since the tangent at any point of the circle is perpendicular
to the radius through the point of contact

R OE L AB and OF 1L AC
= ZOEA = 90° and ZOFA = 90°
and /EAF = 90° [£ZBAC = 90°, given]

So, OEAF is a quadrilateral in which each angle is 90°
and adjacent sides OE = OF.

3.

1.

2.

Quadrilateral OEAF is a square.
OE=AE=xm=5m [Using (4)]
Hence, the radius of the circular garden is 5 m.
(i1i) Taking care of physical fitness.
(i) Angle between two consecutive radial roads
_ 360° 450

8

= ZAOC = 45°

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

A C H
B
0
CA L OA
=  /CAO=90°
In right ACAO, we have
OA OA
45° = — = ———
s 45" = 53¢ = OB+ BC
i 3 15 m
= J2 T 15m+BC
= 15m +BC = 15/2m
- BC = (152 -15m=15(2-1)m
=15 x 0414 m
= BC = 621 m

Hence, the length of path BC = 6.21 m.

(ify Empathy and interpersonal relationship.

UNIT TEST 1

For Basic Level
(@) 6 cm

Tangents at the end of a diameter
of a circle are parallel.

So the distance between them is
equal to the diameter or 2r.

Hence, distance =2 x 3 cm = 6 cm.
(a) 90°

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

ZOTP = 90° (1)



3. (d)

4. (a)

In right AOTP, we have
ZOTP + x +y = 180°

= 90° + x + y = 180° [Using (1)]
= x+y=90°
50°
A
P<)80° Q
B

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

ZOAP = ZOBP = 90° (1)
In quadrilateral APBO, we have
Z0OAP + ZAPB + ZPBO + ZAOB

= 360° [Sum of angles of a quad]

= 90° + 80° + 90° + ZAOB = 360° [Using (1)]
= ZAOB = 360° — (90° + 80° + 90°)
= ZAOB = 360° - 260° = 100° .(2)

Since the angle subtended by the arc of a circle at the
centre is double the angle subtended by it at any point
on the remaining part of the circle

ZAOB = 2/AQB
=  100° = 2/AQB
= ZAQB = 50°
11

[Using (2)]

Since the lengths of tangents drawn from an external
point to a circle are equal

AQ = AR [Tangents from A] ...(1)
BQ = BP [Tangents from BJ ...(2)
DR = DS [Tangents from D] ...(3)

|<—23cm—>|A

I
N

B

DR =DS =5 cm [Using (3)]
AR = AD - DR = (23 - 5) cm = 18 cm

AQ =18 cm [Using (1)]
= BQ=(29-18) cm =11 cm @)
—~  BP=1lcm [Using (2)]]”'

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

Z0QB = ZOPB = 90°

Also ZQBP = 90°

[ZABC =

90°, given]

So, each angle of quadrilateral OQBP is a right angle
and its adjacent sides BQ and BP are equal [Using (4)].

Thus, quadrilateral OQBP is a square
OQ=BQ=11cm

Hence, the radius of the circle (in cm) is 11.

5. (d) 55°

Given that a quadrilateral ABCD circumscribes a circle
with centre at O such that ZAOB = 125°. OD and OC are
joined. To find the measure of ZDOC. Let AB, BC, CD
and DA touch the circle at P, Q, R and S respectively.

AP and AS are two tangents to the circle from an

external point A, hence, AP = AS.
Z0OAP = ZOAS = a
Z0OBA = ZOBC =
Z0CQ = £Z0CD =y
and 20DC = ZODA =3
.. In AOAB, we have
o + B+ 125° = 180°
= o+ B =180° — 125° = 55°
Now, in quadrilateral ABCD, we have
ZABC + ZBCD + ZCDA + ZDAB
= sum of all the angles of the quadrilateral
= 360°
= 20 + 2B + 2r + 28 =360°
= a+p+r+6=180°
= 55° + r + & = 180°
r + & =180° — 55° = 125°
ZCOD = 180° - (r + 9)
= 180° — 125°
= 55°

Similarly,

. (0) 90°

(say)
(say)
(say)
(say)

(1)

[Using (1)]
Q)

[From (2)]

Given that two circles touch each other externally at C.
AB is a common tangent to the two circles. Let TL be a
common tangent to the two circles at C where T is a point

on AB.
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To find ZACB,

We have TA=TC=TB ...(D)
- In AATC, we have ZTAC = ZTCA = 6 (say) ...(2)
: ZATC =180° - 20 ...(3)
ZBTC = 180° - ZATC
= 180° — (180° - 26)
=20 ...(4) [From (3)]
Now, TC =TB
.. In ATBC, we have
ZTBC = ZTCB
_ 180°-«BTC
2
- 18020 [From (4)]
=90°-0 ...(5)
ZACB = Z/TCA + ZTCB
=0+90°-0 [From (3) and (5)]

=90°
7. (d) ¥125 cm

Given that PT is a tangent from an external point P to
a circle with centre at O, of radius 5 cm such that PT =
10 cm. To find the distance PO.

T

A0 S

o

Z/PTO = 90°
By Pythagoras’ theorem, we have
OP? = OT2 + PT2

=52+ 10% =125
OP = v125
Hence, the required distance OP is of measure 125 cm.

8. (d) 7.6 cm

Given that two circles touching each other externally at
T has a common tangent QR touching the two circles at
Q and R. The tangent at T meets QR at P. Given that

PT =3.8 cm.
P

Q R
To find the length of QR.
We have PQ=PT=PR =38 cm ...(1)
QR =QP + PR=2QP =2 x 3.8 cm
=7.6 cm [From (1)]
9. (b) 10 cm

Given that a triangle ABC circumscribes a circle which
touches the sides BC, CA and AB of the triangle at D, E

and F respectively such that AF = 4 cm, BF = 3 cm and
AC =11 cm.

B 3'cm P i ¢

To find the length of BC.

We have BD =BF =3 cm ...(1)
AE = AF =4 cm ...(2)
CD=CE=AC-AE=(11-4)cm

[From (2)]
=7 cm ...(3)
BC=BD+CD=(3+7) cm
[From (1) and (3)]
=10 cm
10. (d) 120

Given that a chord AB of a circle with centre at O subtends
an angle 60° so that ZAOB = 60°. The tangents AC and
BC to the circle meet each other at a point C outside the
circle. To find ZACB.

<>

N

A vB
C

Now, ZACB = 360° - ZAOB - Z/CAO - #/CBO  ...(1)
Now, - OA 1L AC and OB L BC,
ZCAO =90°, ZCBO = 90° and ZAOB = 60°
Hence, from (1), we have

ZACB = 360° — 60° — 90° — 90°

[ The sum of four angles of the quadrilateral
OACB is 360°]

[Given]

= 360° — 240°
= 120°
11. (b) 45°
Given that PQ is a tangent to a circle with centre at a

point O on it such that AOPQ is an isosceles triangle.
To find the measure of ZOQP.



12.

13.

Since, ZOPQ =90° and AOPQ is an isosceles triangle with
PQ = PO,
/PQO = £POQ
180°-90°

= f:étg).

(a) 60 cm?

Given that PQ and PR are two tangents to a circle with
centre at O, drawn from an outside point P such that
OP =13 em.

13 cm

Q
Given that OQ = OR = radius of the circle = 5 cm
To find the area of the quadrilateral PQOR.
From AOPR, we have ZORP = 90°.

.. By Pythagoras’ theorem, we have

PR = YOP? - OR?

= V132 -5% cm

= J169-25 cm

= +144 cm

=12 cm = PQ
Now, ar(quadrilateral PQOR) = ar(AOPR) + ar(AOPQ)

...(1)

Now, from APQR, " ZPRQ = 90°.

Hence, by Pythagoras’ theorem, we have

PR = YPO? - OR?
= V132 -5% cm
= \169-25 cm
= v144 cm
=12 cm
. PQ=PR =12 cm
Hence, from (1), we get
ar(quadrilateral OQPR) = ar(AOPR) + ar(AOPQ)

%XRPXOR+%><QP><OQ

(%x12><5+%><12><5) cm?

= (30 + 30) cm?

=60 cm?

(@) 20
Given that PA and PB are two tangents to a circle with
centre at O such that ZAPB = 40°, where AB is the line

segment joining A and B. OA is joined. To find the measure
of ZOAB. Since PA = PB.

40°
P

.. In APAB, we have
ZPAB = /PBA
= 180°—40° = 70° ..(1)
2
ZBAO = ZPAO - ZPAB
=90° - 70°
[~ OA is the radius and PA is a tangent through A,
hence ZPAO = 90° and from (1) ZPAB = 70°]
=20°

14. (¢) 243 cm.

15.

Given that AT is a tangent to a circle with centre at O
such that OT = 4 cm and ZOTA = 30°.

To find the length of AT.

Construction: We join AO.
From AATO, since ZOAT = 90°.

AT _ 5
oT = cos 30
= AT = OT cos 30°
= 4x£ cm
2
= 23 cm

(a) 100°

Given that PR is a tangent to a circle with centre at O.
PQ is a chord of the circle thorugh P such that ZQPR =
50°. PO and QO are joined.

To find ZPOQ.

Since, PR is a tangent and OP is radius of the circle, hence,
Z0OPR = 90°
Z0PQ = 90° - 50° = 40° ...(1)
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16.

17.

18.

But Z0PQ = £0QD [+ OP = 0OQ]

= 40° ...(2)
ZPOQ = 180° — ZOPQ - £ZOQP

[Angle-sum property of a triangle]
=180° — 40° x 2 [From (1) and (2)]
= 180° - 80°
= 100°

Let PT be the tangent from P to the circle with centre O.

Then, PT = 12 cm
-

12 ot r

P 13 cm o

OP = 13 cm. Let r be the radius of the circle.
Then, OT =r.

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

R OT L TP = ZOTP =90°
In right AOTP, we have

OT? + PT? = OP?
= 72 + (12 cm)? = (13 cm)?
= 72 = (169 — 144) cm? = 25 cm?
= r=5cm

Hence, the radius of the circle is 5 cm.

N

[

B
ZBOC = 130°
ZACO =7

Radius of a circle is perpendicular to the tangent at the
point of contact

OA L CA
ZOAC =90°
ZAOC + ZBOC = 180° (Linear pair)
ZAOC + 130° = 180°
ZAOC = 50°
In AAOC
ZAOC + ZACO + ZCAO = 180°
50° + ZACO + 90° = 180°
ZACO = 40°
Since the lengths of tangents drawn from an external point

to a circle are equal

AP = AR [Tangents from A] ...(1)

19.

BQ = BP [Tangents from BJ ...(2)
CQ=CR [Tangents from C] ...(3)
AP =AR =7 cm [Using (1)]
_A
7cm
10cm R
P 5cm
x 5 c
BP=(10-7)cm =3 cm
BQ =3 m [Using (2)] ...(4)
CQ=CR=5cm [Using (3)] ...(5)
BC =BQ + CQ
=3wm +5am [Using (4) and (5)]
= BC =8 cm
Hence, BC =8 cm

Given that PQ is a tangent to a circle with centre O,
from an external point P. OP cuts the circle at T and
/POR = 120°.

S is a point on the circle. TS and SR are joined.
To find ZTSR + ZQPT.

We see that ZTSR is an angle subtended by the arc RT
on the circumference and ZROT is an angle subtended
by the same arc RT on the same side.

. /ROT = 2/TSR
- 120° = 2/TSR
/1= /TSR = % - 60° (1)

Now, in AOPQ, we have
ZPOQ = 180° - 120°
[ ZROT + ZPOQ = 180° and ZROP = 120°]
= 60° ...(2)
Z0QP = 90° ... (3)
[~ OQ is a radius and PQ is a tangent at Q]
/2 = ZQPO
= 180° - (£POQ + £ZOQP)
[Angle-sum property of APOQ]
= 180° — (60° + 90°)
[From (2) and (3)]

Also,

= 180° - 150°
=30°



20.

s /2 = ZQPT = 30° ...(4)
.. From (1) and (4), we have
/TSR + ZQPT = 60° + 30° = 90°.

which is the required measure of £1 + /2, i.e. ZTSR +
ZQPT.

Given that an isosceles triangle ABC with AB = AC
circumscribes a circle with centre at O. Let BC, AC and
AB touch the circle at the points P, Q and R respectively.

To prove that the point P bisects BC, i.e. BP = PC.

We have AB = AC ...()
[- AABC is an isosceles triangle with AB = AC]
Also, AR = AQ ...(2)
[- AR and AQ are two tangents from
an external point A]
BR = AB - AR
=AC - AQ [From (1) and (2)]
=CQ ...(3)
Now, BR = BP .4
[~ These are tangents from an external point B]
and CQ=CP ...(5)

[ These are tangents from an external point C]
.. From (3), (4) and (5), we see that
BP = CP
ie. P bisects BC at P.

Hence, the result.

UNIT TEST 2

For Standard Level
(b) 32°
Given that the line AB is a tangent to a circle with centre
at O, at the point P. PQ is a chord of the circle such that

ZAPQ = 58°. QOR is a diameter of the circle such that
QR produced intersect AP produced at B.

Q

<

A P B

v

To find the measure of /PQB.
Construction: We join OP.

In AOPQ, we have
ZOPA =90°

[Since OP is a radius and APB is a tangent to the circle]
ZQPO = ZOPA - ZQPA

=90° — 58° = 32° ...(1)
But since OoPr = 0Q
[ Both are radius of the same circle]
/PQB = /PQO = ZQPO = 32°
[From (1)]
2. () 410
A
L 24
k7
o) P
3cm

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

OA L AP and OB L BP
= ZOAP =90° and ZOBP =90°
In right AOAP, we have
OP? = OA? + PA? [By Pythagoras’ Theorem]
= OP? = (5 cm)? + (12 cm)?
= (25 + 144) cm?
=169 cm? (1)
In right AOBP, we have
OB? + PB? =OP?[By Pythagoras’ Theorem]

= (3 cm)? + PB? = 169 cm? [Using (1)]
= PB? = (169 — 9) cm?

= PB? = 160 cm?

= PB = /160 cm

= PB = 410 cm

Hence, the length of PB (in cm) is 4+ 10 .

3. (b) 40°

Given that PQR is a tangent to a circle at Q, with centre
at O and AB is a chord of the circle parallel to PQR. QA
and QB are joined.
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Given that ZBQR = 70°.
To find the measure of ZAQB.
We have ZQAB = ZBQR = 70°
[ Angle in alternate segments are equal]

Also, ZABQ = alternate ZBQR
[+~ AB || PR and QB is a transversal]
=70°
In AABQ,

ZAQB = 180° - (/QAB + ZQBA)
[Angle-sum property of AAQB]
= 180° - (70° + 70°)
= 180° — 140° = 40°

. (d) 21 cm

Given that a circle with centre O is inscribed in a quadrilateral
ABCD touching its sides AB, BC, CD and DA at P, Q, R
and S respectively. The radius of the circle is 10 cm, BC

=38 cm, PB = 27 cm and AD 1 CD.
27 cm B

To find the length of CD.
Construction: We join OS, OR and SR.

Since PB and BQ are tangents to the circle from an external
point B, hence,

BQ="PB =27 cm (1)
Also since CQ and CR are two tangents to the circle from
an external point C,

CR =CQ =BC -BQ

=38 -27)cm =11 cm ..(2)
Let CD=xcm ...(3)
DR=CD-CR = (x-11) cm ...(4)

[From (2) and (3)]
~ DR and DS are two tangents to the circle from an
external point D.

DS = RD = (x — 11) cm[From (4)] ...(5)
Now, since ZSDR = 90°, hence, from ASDR, we have by
Pythagoras’ theorem,

RS? = RD? + DS? = 2(x — 11)? ...(6)

[From (4) and (5)]
.+ OS L AD and OR L RD.

.. In quadrilateral OSDR, we have
/0SD = Z/ORD = 90°
Also, given that ZSDR = 90°.
: ZSOR = 90°
[Angle-sum property of a quadrilateral]

. In ASOR, we have by Pythagoras’ theorem,
SR? = OS? + OR?
=10% + 10 = 200
- RS = v200 = 10v2 .7
.. From (6) and (7), we have
200 = 2(x — 11)?
200

= (x—ll)ZZT :100

o x —11 = £J100 =+10

= x=11+10=21

Or, x =11 — 10 = 1 which is absurd.
Since, CR =11 cm [From (2)]

x =CD =1 cm is absurd.
Hence, x = 21
.. Length of CD is 21 cm.

. (b) 15 cm

Join OQ

Since, the tangent at any point of a circle is perpendicular
to the radius through the point of contact

0OQ 1 PQS

Since the perpendicular from the centre of a circle to
a chord bisects the chord

OQ bisects PS.
= PQ = QS ...(1)

Since the lengths of tangents drawn from an external
point to a circle are equal.

- PQ=PR=75cm .2
Now PS=PQ+QS=2PQ [Using (1)]
= PS=2x75cm [Using (2)]

=15 cm

. (d) 8 cm

Given that XY is a tangent to a circle with centre O and
radius OA =5 cm. Let the tangent XY touch the circle at
A and AOB is a diameter of the circle. A chord CD at a
distance of 8 cm from A is parallel to the tangent XAY
and let CD cut AB at M. To find the length of CD.

Construction: We join OD.

Since XY is a tangent at A and AO is a radius,
s ZOAY =90°.

Also, since XY || CD,

N Z0OMD = 90°.

. M is the middle point of CD.
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Now, from AOMD, we have by Pythagoras’ theorem,

MD = JOD? - OM?

= 52~ (AM-AO0)* cm

= /25-(8-5)" cm
= +25-9 cm

= /16 cm

=4 cm
CD = 2MD

=2x4cm

=8 cm
7. (d) 3v3 em

Given that TA and TB are two tangents to a circle with
centre at O and radius 3 cm, drawn from an external point
T such that ZATB = 60°.

To find the length of each tangent TA or TB.
Construction: We draw OM L AB and join OA.

Now, since TA = TB and ZATB = 60° ...(1)
: ZTAB = /TBA = 60° .(2)

[Angle-sum property]
Also, ZOAT = 90° ...(3)

[~ TA is a tangent at A and OA is
a radius of the circle]

Z0AM = ZOAT - ZTAB
=90° - 60° = 30° ...(4)
[From (1) and (2)]
In AOAM, we have
AM = OA Cos ZOAM
=3 Cos 30°

_5.¥3 _383
2 2

AB =2 x AM

...(5) [From (4)]

2x¥ [From (5)]

=33 ..(6)
Now, since in ATAB, ZATB = ZTBA = ZTAB = 60°.
ATAB is an equilateral triangle
AT =BT = AB = 33
The length of each tangent is 3+/3 cm.

[From (6)]

. Let C(O, r) and C(O’, 1) be the two circles such that

r=11cm, ¥ =5 cm and OO’ = 20 cm. Let AB be one of
the external common tangents.

f——20cm —|

Draw OP L AO = ZOPA = ZO'PO =90° ...(1)

Since, the tangent at any point of the circle is perpendicular
to the radius through the point of contact.

OA LAB and OB L AB

= ZOAB =90° and ~O'BA = 90° .2
In quadrilateral ABO'P, we have

Z0OAB = 90°,

Z0O'BA =90°

and  ZPO’B =90° [Using (1) and (2)]
Each angle of quad ABO'P is a right angle and its
opposite sides are parallel.
Quadrilateral ABO'P is a rectangle
= PO’ = AB ...(3)
In right AOPO’, we have
OP? + PO = 00 [By Pythagoras’
Theorem]
[(11 = 5) cm]? + PO = (20 cm)?
PO? = 400 cm? - 36 cm?
PO = 364 cm?
PO’ = V364 cm?
PO’ = 19.1 cm (approx.)

o AB =19.1 em (approx.)  [Using (3)]
Hence, AB = 19.1 cm (approx.)

LU

. Given that two circles with centres at A and B and radii

3 cm and 4 cm respectively intersect at C and D such that
AC and BC are tangents to the two circles at C. Centres
A and B are joined. Also, CD is joined to cut AB at P.

To find the length of the common chord CD.

8 | sepud
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A\
\

AC is a tangent to the circle with centre B and BC is a
radius of this circle.

o ZACB = 90°
. In AABC, we have by Pythagoras” theorem,

AB = VAC? +BC?
= \/32 +4% cm

=25 cm=5cm ...(1)
Now, let AP = x cm ...(2)
: PB=AB-AP = (5-x) cm .3

[From (1) and (2)]
Now, since CD is a common chord of the circles with
centre A and B, and AB is the line segment joining their
centres,

.. AB L CD.

. P is the mid-point of CD.

CP =DP ...(4)
Let CP=ycm ...(5)

.. From (2) and (5), and from AACP, we have by Pythagoras’
theorem,

AC? = CP? + AP? = 2% + 32
[From (2) and (5)]
= 9=x2+? ...(6)
Also, from ABCP, we have by Pythagoras’ theorem,
BC? = CP? + PB?
= 2 =12+ (B-x? [From (3) and (5)]
= 16=05-x?%+12 ...(7)
Subtracting (6) from (7), we get
G-xP-x2=16-9=7
>6-x+x)65-x-5=7

= 565 -2x)=7
= 10x=25-7=18
-9
X = = ...(8)
.. From (6) and (8), we have
y2=9_x2
2
—9_ (2
< (5)
_g9_81
? 25
_ 225-81
25
144

5
CD = 2CP
=2xy
= %XZ
_u
5
=438
.. The required length of CD is 4.8 cm.
10. Join OC.
E~
OA =0C [Radii of a circle]
/1 =22 [Angles opposite to equal sides] ...(1)
£1=/3 [Alternate angles AC || OE] ...(2)

/2 = /4 [Corresponding angles AC || OFE] ...(3)
From (1), (2) and (3), we get

£3=2/4 ...(4)
In AOCE and AOBE, we have
OC=0B [Radii of a circle]
/£3 =24 [From (4)]
OE = OE [Common]
AOCE = AOBE [By SAS congruence]
= ZOCE = ZOBE
= 90° = ZOBE [Since the tangent at any point

of a circle is perpendicular to
the radius through the point of
contact]

= OB 1 BE

Since a line drawn through the end of a radius and
perpendicular to it is a tangent to the circle

BE is tangent to the circle.

Hence, EB touches the circle.

. Let AB, BC, CD and DA of the quadrilateral ABCD, touch

the circle at P, Q, R and S respectively. Since the lengths of
tangents drawn from an external point to a circle are equal

AS = AP [Tangents from A] ...(1)
YP = YR [Tangents from Y] ...(2)
XS =XQ [Tangents from X] ...(3)
CR =CQ [Tangents from C] ...(4)



12.

AY + AX = AY + (AS + DS + DX)
AY + AX = (AY + AP) + XS

AY + AX =YP + XS

AY + AX=YR + XQ [Using (2) and (3)]
AY + AX = (CY - CR) + (CX + CQ)
AY + AX=CY-CQ + CX +CQ
AY + AX =CY + CX

AY -CX = CY - AX

Hence, the difference between AY and CX is equal to
the difference between CY and AX.

Since the tangent at any point of a circle is perpendicular
to the radius through the point of contact

OD L BC and OE L AC
= Z0DC =90° and ZOEC = 90°
Also  ZECD = 90° [Given]

In quadrilateral OECD, each angle is a right angle
and adjacent sides OD and OE are equal (OD and OE
are radii of the same circle).

[Using (1)]

[Using (4)]

L R

So, quadrilateral OECD is a square.

CD=CE=0OEorOD=r ()
A

Thus

Since, the lengths of tangents drawn from an external
point to a circle are equal.

AE = AF [Tangents from A] ...(2)
BD = BF [Tangents from B] ...(3)
AE =AC-CE=b-r [Using (1)]
AF =b-r [Using (2)]

13.

14.

BF =c-AF=c-b+r

BD=c-b+r [Using 3)] ...(4)
Now, BC =CD + BD
N a=r+c-b+r [Using (1) and (4)]

= a+b=c+2r

Hence, 2r + c=a + b.
PQ =17 cm
PR=9 +x
RQ=x+2

APQR is right-angled triangle
: PR? + RQ? = PQ?
9 + x)? + (x +2)2 = (17)?
81 + x% + 18x + x% + 4 + 4x = 289
2x2 + 22x + 85 = 289
2x2 +22x —204 =0
2+ 11x-102=0
¥ —-6x+17x-102 =0
x(x—-6)+17(x-6) =0
x-6)(x+17)=0
x=6 or x=-17
Since the radius of a circle cannot be negative
x=6cm
Given that a triangle ABC circumscribes a circle with
centre O and radius 2 cm such that the line segments BD
and DC are of lengths 4 cm and 3 cm respectively.
Given that ar(AABC) = 21 cm?

To find the length of AB and AC.

Construction: We join AO, BO, CO, OD, OE and OF
We have
ar(AABC) = ar(AOBC) + ar(AAOC) + ar(AAOB)

B | sopm
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= 21 = %BCXOD+%AC><OE+%AB><OF

= %(4+3)x2+%yx2+%x><2
=7+x+y,
where AB=x, AC=yand BC=(4+3)cm =7 cm
x+y=21-7=14 ...(1)
Now, AF = AB - BF
=AB-4=x-4 ...(2)
And AE = AC - CE
=AC-3=y-3 ...(3)
Now, from AAOF, we have
AQ? = AF? + OF?

= (x —4)? + 22 [From (2)]
—(r—4)2+4 @
Also, from AAOE, we have
AO? = AE? + OF2
=@y-3P2+22 [From (3)]
= (-3 +4 ...(5)

Subtracting (4) from (5), we get
0= (y -3 - (x - 42
=y-3+x-4)y-3-x+4)
=x+y-7)y-x+1)
Either x + y -7 =0
Or y-x+1=0 =>x-y=1 ...(7)
From (1) and (6), we see that 7 = 14 which is absurd.

Hence, we reject equation (6).

>x+y=7 ...(6)

From (1) and (7), we get

2x=14+1=15
15
== =7
= X 2 5
and subtracting (7) from (1), we get
2y=14-1=13
_ 13 _
=5 = 6.5

Hence, the required lengths of AB and AC are 7.5 cm and
6.5 cm respectively.





