CHAPTER 9

Trigonometric Identities

For Basic and Standard Levels

L (i) (@)

(b)

©

()

sec 6 — tan 0 sin 6 =

EXERCISE 9
1 sin® 9
cos®  cosO’
_ 1-sin?0
" cos6
_ cos’ 0

[-sin?20 +cos?20=1= 1-sin? 0 = cos? 0]

1-tan?9

cos6

=cos 0

_ sin®@

cos> 0

cot?0 -1

2+ tan0

B M -1
sin” @
cos’0 — sin? 0
cos> 0
cos? 0 — sin’ 0
sin’0

cos’0 — sin? 0 « sin” 0

cos’0 cos? 0 —sin’ 0

sin’ 0

cos> 0

tan? 0

sin 6
cos6

secO + 2cosecO

2 + cotB

2+
1 2
sin®

cosO

(2cosH + sin0)

_ cos9
(sin® + 2cos0)

sin® cos6

(2cos6 +sin®)  sin® cosO

cos6 (sin® + 2cos6)

=sin 0

cosO
2+ sin 6

2secH + cosecB

2 1
cos® sin®

(2sin 6 + cos0)
_ sin@
(2sin O + cos0O)
sin® cosO

(2sin6 + cosB) ~ sin® cosO

sin6 (2sin 6 + cos6)

= cos 0

()

0

()

2 —tan0

_ sin®
cosB

2cosec® —secH

sec?0 — tan2 0

2 1
sin® cos0
(2cosO — sinb)
_ cos9

(2cos6 — sin6)
sin© cos6®

sin 6 cos0O

_ (2cos6 - sinO))<
(2cosH — sinB)

- cos@

=sin 0
.2
1 sin“@
_ cos’0  cos’@

cotO + tan©

sin® — 2sin®0

~  cosO . sin®
sin® | cosB
1-sin’0
cos> 9
(cos2 0 + sin’ 0)
~ sinBcos®

cos2 0
_ cos*0
1
sin® cos6
[ sin? 0 + cos? 0 = 1]
cos2@  sin® cosO
cos2 9 1
= sin 0 cos 0
sin@ (1 - 2sin’0)

2¢0s°0 - cosB

sin®0 — cos® 0
sin® — cos6

cos6 (2cos2 0-1)
sin© [(sin2 0 + cos> 6 — 2sin® 0)]
cos0[2cos?6 — (sin2 0 + cos’ 0)]
[ sin? 0 + cos? B =1]
sin(-)(cos2 0 — sin? 0)
cos0(2 cos? 0 — sin? 0 — cos? 0)

sin 9(cos2 6 — sin’ 0)

cose(cos2 6 — sin? 0)

sin 6
cosO

=tan 0

_ (sin® — cos 9)(sin2 0 + cos’0 + sin® cos0)

(sin® — cos0)

= (1 + sin 0 cos 0)
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(if) (a)

(b)

and

and

=2x = (tan? 0) (1 — 1 — cot? 0)
_ cosec 0 = (tan? 0) (- cot? 0)
= 5 ) j
= (tan? 0) | -
-2 ( ) ( tan” 0
x -1
_ cotB (vi) 4sec® A —4sin® A sec® A = 4sec® A (1 -sin? A)
2 =4 sec® A cos® A

_5 (COSGC 6)2 3 (cotejz
2 2
_ 2[Cosecze - cot? GJ

(1)

[ cot? © + 1 = cosec? 0]

_1 .
=3 (i)
=sec A

sec A
2

tan A
i1
tan A (i)
2

2|5 (5]

[sec2 A - tanzA]
:2 —_—
4
= 2(%) [ tan? A + 1 = sec? A] (@)
_1
2

2. (i) 5 cosec? A —5 cot?> A = 5(cosec? A — cot? A)

(i)

(i)

(iv)

7 sin? 0 +

cos? 0 +

= 5(1 + cot> A — cot® A)
=5 [ cosec? A =1 + cot? A]

7_ - 7(sin29 L J
sec” 0 sec” 0
= 7(sin? 0 + cos? 0) ©)
=7 [ sin? 0 + cos? B =1]
-3tan? 0 = 3( 12 —tanze)
cos” 0
= 3(sec? O — tan? 0)
= 3(1 + tan? O — tan? 0)
[ sec? © =1 + tan? 0]
=3 (vi)
% = cos® 0 + ;2
1+ cot“6 cosec” 0

cos? 0 + sin?
=1 [ cos? 0 +sin? 0 =1]

(v) (sec?0—1) (1 — cosec? 0) = (1 + tan? 0 — 1)

[1-(1 + cot? 0)]

wsec2® =1+ tan? O and cosec? O = 1 + cot? 0]

o sin? A +cos? A=1= 1-sin? A = cos? A]

=4 7 X cos? A
cos” A
=4
LHS = cosO — sin®
coso
_ cosb  sin®
cosH cos0
=1-tan 6 = RHS
LHS = (1 + cos 0) (1 - cos 0)
=1-cos?0
=sin? 0 [ sin?2 0 + cos?2 0 =1]
_ 1
cosec?d
= RHS

LHS = (1 - sin A) (1 + sin A) (1 + tan? A)
= (1 —sin? A) (sec? A)
[ 1+tan® A = sec® A]
1
cos? A
[ sin? A + cos? A =1]

=cos? A x

=1
RHS

cot?9
cosecH + 1

LHS =

_ cosec? 0 — 1
cosecO + 1
[- 1+ cot? O = cosec? 0]
(cosecH + 1)(cosecO — 1)
(cosecH + 1)

= cosec 6 -1
= RHS
LHS = 2c0529+#2
1+ cot“®
= 2(COS29+%)
cosec” 0
= 2(cos? 0 + sin® 0)
=2 [ sin? 0 + cos? 0 =1]
= RHS
1 1
LHS = 1+sin® 1-sind
_ 1-sin®+1+sin6
1-sin’@
2 .
= = [ sin?2 0 + cos? 0 =1]
cos’0
=2 sec? 0
= RHS



4. (i)

(i)

(i)

(iv)

(©)

(©i)

5. (i)

LHS = 2 cos? 0 (1 + tan? 6)
=2 cos? 0 sec? O [~ 1+ tan? 0 = sec? 0]

=2 cos? 0 x 12
cos“ 0

=2

= RHS

LHS = (1 —sin? A) sec? A -1
=cos? Asec?A—1 [ sin?20 + cos?6 =1]

1

= cos? A x 3
cos” A

=1-1
=0
= RHS
LHS = (1 + cot? 0) (1 + cos 0) (1 — cos 0)
= (cosec? 0) (1 — cos? 0)
[- 1+ cot? 6 = cosec? 0]

= cosec? 0 sin? 0 [ sin? 0 + cos? 6 = 1]
- L a0
sin“ 0
=1
= RHS

LHS = (cos> 0 —=1) (cot? 0 + 1) + 1
= [cos? 0 — (sin? O + cos? 6)] cosec? O + 1
[ sin20 + cos2 0 =1 and 1 + cot? O = cosec? 0]
= (cos? 0 — sin? O — cos? 0) cosec? O + 1
1
sin®

= —sin” 0 x +1

=-1+1

=0

= RHS

_(a+ tan? 0) cot®

LHS >
cosec” 0

2
0 cot6
= % [~ 1+ tan? 0 = sec? 0]
cosec” 0

_ sin”® cos _ sin®

COS2 0 sin© cos0

= tan 0
= RHS
LHS = sin? A cot® A + cos? A tan? A

2 .2
. cos” A sin” A
=sin? A —— + cos?A Z——

sin® A cos® A

=cos? A + sin? A
=1 [ sin? A + cos? A =1]
= RHS

1
ILHS= ————

5 tan0 + cot 6
1

sin 6 + cos0
cos® sin®
1
sin? 0 + cos> 0
sin® cosO

sin® cos6

- (sin2 6 + cos> 0)

=sinBcos® [ sin?0 + cos?O=1]
= RHS

(i)

(i)

(iv)

@)

2c0s%0 -1

RH —_—
S sin0cos 0

2c0s%6 — (sin2 0 + cos’ 0)
sin® cos0O
[ sin? 0 + cos? 0 =1]
2c0s20 — sin% 0 — cos2 0
sin 6 cosO

cos? 0 — sin’ 0

sin6 cosO

cos? @ B sin’ @
sin6 cos6 sin6 cosO

cos®  sin®
sin @ cos0
= cot O — tan 6
= LHS
2
LHS = 1 —Ztan 0
cot“0-1

1- sin®@
cos” 0
2

c$)s2 o _4

sin” 0

cos?0 — sin? 9
cos?

cos? 0 — sin? 0
sin”6

cos’0 — sin? 0 y sinZ @

cos> 0 cos? 0 —sin’ 0

sin® 0

cos’0
= tan? 0
= RHS
LHS = sec? 0 + cosec? 6
1 1

+ [
cos? 0 sin?0

sin%0 + cos2 0

cos?0 sin%0
1 .
= ————— [ sin?0+cos? 0 =1]
cos? 0 sin? 0

= sec? 0 cosec? 0

= RHS
LHS = sin® — 25sin®0
2c0s%0 — cos0
sin® (1 - 2sin? 0)
cos6 (2cos2 0-1)

sin@[1 - 2(1 — cos?6)]
cosG(Zcos2 0-1)

[~ sin?0+cos?0=1 = sin?0 =1 - cos? 0]
_ sin@ (1-2+2cos’6)
cos6 (2cos26 -1
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sin® (2cos2 0-1)
cos6 (2cos2 0-1)

sin©

cos0
=tan 0
= RHS
sin®0 — 2sin*0
2cos*6 — cos? 0

1 sin?0(1 — 2sin?0)
cos? 0 - cos? 0(2 cos? 0 — 1)

LHS = sec? 0 —

_ 1 sin®0[1-2(1-cos’0)]

cos? 0 cos? 0(2 cos?0 — 1)

[ sin?0 +cos?0 =1 =>sin?0 =1 - cos? 0]

_ 1 sin®0(1-2+2cos’0)

cos” 0 cos? 0 (2cos’ 6 — 1)
_ 1 sin?0 (2cos2 0-1)

cos’0  cos’0 (2 cos?0 — 1)
__1 _ sin%®

cos? 0 cos? 0
_ 1-sin’0

cos? 0

_ cos? 0

cos? 0
=1
= RHS

LHS = cosec 0 (1 + cos 0) (cosec 0 — cot 0)
1 1 cos6
~ sin® (1 + cos 6) (sine sine)
_ [1 + cosej [1 - cosej
sin® sin®
_ 1— cos’
sin?0

_ sin?0

sin?0

[ sin?0 +cos?0 =1= 1-cos?0 =sin? 0]

=1
= RHS
LHS = sec A(1 —sin A) (sec A + tan A)
_ 1 o 1 sin A
~ cosA (1-sin A) (COSA * COSA)
_ [1 — sinA) (1 + sinAj
cosA cosA
_ 1-sin?A
cos® A
_ cos? A
cos® A
[ sin? A +cos? A=1 = 1-sin®> A = cos? A]
=1=RHS

(i)

LHS

LHS

LHS = (sin o + cos o) (tan o + cot o)
sino. cosoc)

= (sin o + cos (1)( ;
coso.  sino

) (sin2 o + cos? o)
cos oL sino

(sin o + cos o

sinoc+cosoc[,

= s sin? o+ cos? o = 1]
coso sin o

sin o + COos QL
coso. sino. coso. sino.

1 + .1
cos @, sino

= sec o + cosec o
= RHS
LHS = (sec A + cos A) (sec A — cos A)
=sec? A — cos? A
=1+ tan? A — cos? A
[ sec? A =1 + tan? A]
=tan? A + (1 — cos? A)
= tan? A + sin? A

v sin? A+cos? A=1 = 1-cos? A =sin? A]

= RHS
= (1 + tan 0 + sec 0) (1 + cot 0 — cosec 0)

_ [ sin® 1 ) (1 cos® 1 )

( * cos6 * cos6 * sin®  sin®

(cose + sin@ + 1) (sine + cosO — 1)
cos0 sin®

_ (sin® + cos0)? — (1)2
- cos6 sin6®

[ (@+Db)(@a-b)=a*-1
sin%0 + cos? 0 + 2sinBcosf — 1

cosO sin®
_ 1+2sinBcos6-1 = ., 20 _
= 050 5n0 [ sin? 0 + cos® 6 = 1]
_ 2sinB cos®
" sin® cos®
=2
= RHS

=(1+ cot A —cosec A) (1 + tan A + sec A)

A 1 sin A 1
= [14+5848 ) (1 + + )
( sinA sinA cosA  cosA

(Sil’lA + COsA — 1) cosA +sinA +1
sin A cosA

(sin A+ cos A)? — (1)?
sin A cos A

[~ (@=b) (@a+b)=a*>-1
sin? A + cos? A + 2sin A cosA — 1

sin A cos A
_ 1+2sinAcosA-1
B sin A cos A

[ sin? A + cos? A =1]



_ 2sinA cosA sin?0 + cos? 0
" sinA cosA sin® cosO
=2 _ 1
= RHS ~ sin® cos6

11. (i) LHS = (sec 6 — cosec 0) (1 + tan 6 + cot 6)

_ ( 11 j (1+ sin@ Cose) = (colsﬁ) (snlqe)

cos®  sin® cos®  sin6

[ sin? 0 + cos? 0 = 1]

sec O cosec O

B (sine—cosej cos0 sin® + sin? 6 + cos” 6 — RHS
cos0 sin© cos 0 sin® " LHS = cos.A cos.A
3 3 1-sinA 1+ sinA
_ sin” 0 —cos” 6 1 1
- 20 a2 _
cos” 6 sin” 6 _COSA(I—SinA+1+SinA)
e 2 2y _ 3 _ 13
o, b @ a1 =a - B 1+sinA +1-sinA
_ sin” 0 cos’ 0 =cos A )
= 5 . o 5 . o 1-sin" A
cos“0sin“®  cos“6sin“ 0
2
_ sin® cos6 =cos A (72)
= 5~ T .2 cos” A
cos“0  sin“0 . .
[ sin? A+cos? A=1= 1-sin® A = cos? A]
_ (sinej( 1 j _ (Cose)( 1 ) 2
cos0 / \ cosO sin@ ) \ sin6 = CosA
= tan 0 sec 0 — cot 0 cosec 6 =2 gec A
= RHS = RHS
(i) LHS = (1 + cot A + tan A) (sin A — cos A) 15 LHS < cosO sin®
= (14 CosA | sinA (sin A — cos A) ) 1-tan® 1- cotd
sinA  cosA .
_ _cos® sin®
(sin A cos A+ cos?A + sin?A)(sin A— cos A) 1_ 86 4 C9se
- sin AcosA cos® sin®
.3 3 _ cos0 sin 0
_ Sin"A-cos"A cos@ —sin® = sinB — cosO
sin A cos A cosO sin®
[ (a=Db) @ +ab+ ?) = a® - b _ cos20 sin20
_ sin® A B cos® A cosB —sin® sin® — cosO
in A cosA in A cosA
sin A cos sin A cos _ 0520 ) sin20
_ sin’A B cos? A (cos® —sinB)  (cosO — sind)
cosA sin A _ cos? 0 —sin* O
- (sin A) (SinAj i (COSA) (cos A) (cos® — sin )
cosA sinA _ (cos6 — sinB)(cosO + sin0)
=sin A tan A - cot A cos A (cos6 — sinB)
= RHS =cos 0 + sin 0
12. LHS = (sec 0 + tan 0 — 1) (sec O —tan 0 + 1) = RHS
= [(sec 0) + (tan 6 — 1)][(sec ) — (tan 6 — 1)] sinA 1+ cosA
16. LHS =
=sec? 0 — (tan 0 — 1)2 6 S 1+cosA | sinA
. = 22
[+ @+b) @@-b)=a*-b] sin2A+(1+cosA)2
=sec? 0 — (tan? 0 + 1 — 2 tan 0) = T sinA(L+ cosA)
= sec? 0 — (sec? O — 2 tan 0)
[- 1+ tan? 0 = sec? 0] _ sin? A + 1+ 2cosA + cos® A
=sec? 0 —sec?2 O + 2 tan 0 sin A(1 + cosA)
i ;;1;19 _ (sin2A+cos2A)+1+2cosA
- 1 - sin A (1 + cos A)
13. LHS = tan 6 +

tan® - % [ sin? A + cos? A =1]
tan 0 + cot 0 o o8
_ sin® + cos0 2(1+ cos A)

" cosH sin® sinA (1 + cosA)
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17.

18.

19.

2 _ 2(1-sin0)

sin A "~ (1-sinB) cos
=2 cosec A 2
= RHS 0 0 " cosH
LHS = Coseec 1 + Coseec 1 =2secB
cosec6 — cosecO + - RHS
B 0 1 1 20. LHS = (1 + tanZ 0) (1 + sin 0) (1 — sin 0)
T COSECT | Cosecd —1 " cosec® + 1 =sec?0 (1 -sin?6) [ 1+ tan’ 6 = sec’ 6]
= sec? 0 cos® O
= cosec 0 (cosece +1 J; cosec® — 1) [ sin20 +cos20 =1 = 1-sin? O = cos? 0]
cosec” 0 -1 1
o ()
= cosec 0 (Lszecj cos” 0
cot“ 0 =1
[-1+cot?0=cosec2® = cosec? 0 -1 = cot? 0] = RHS
2 cosec 0 21. LHS = (1 + tan? A) sin A cos A
= 2 =sec2 Asin A cos A [ 1+ tan? A = sec? A]
cot“ 0 .
= 2 cosec? 0 tan® 0 = ( 3 J (sin A) (cos A)
.2 cos” A
_ 2( 1 ) sin” 0 A
sin?0 )  cos? 6 = =
cosA
— 22 =tan A
cos“ 6 = RHS
=2sec’ 0 1+ cos® — sin20
_ 22, LHS= —/——
= RHS S sin6 (1 + cos0)
LHS = tan A N tan A
" secA+1 secA-1 _ cosB + (1 — sin” 0)
1 1 sin 6 (1 + cos6)
=tan A ( + ) 5
secA+1 secA-1 _ cosB +cos” 0
"~ sin® (1 + 0
—tan A secA —1+secA+1 sin (1 + cosd)
B sec? A — 1 [ sin?20 +cos20 =1 = 1-sin?0 = cos? 0]
_ cosB(1 + cosB)
=tan A [ZSQCA] " sin® (1 + cos9)
tan® A 0
cos
[ 1+tan? A =sec®? A = sec? A -1 =tan? A] = Sinb
2secA
= TanA 2sec A cot A — cot O
. A = RHS
cos
= tan6 cot 6
Z(COSA) (sinA) 23. LHS = 7.2t 22
5 (1 + tan~0) (1 + cot”0)
= SinA _ _ tan® cot®
— 2 cosec A (sec2 9)2 (c:osec2 0)>
= RHS [- 1+ tan® =sec? ® and 1 + cot? © = cosec? 0]
cos0 1-sin6 tan© cotf
LH = =
5 1-sinb " cosf sec* 0 cosec* 0
2 2 .
cos” 0 + (1 — sin®) (sme) 4 (cose) .
= = (22 0 0
(1-sin®) cos6 cos (cos™6) + sin® (sin” 6)

sin O cos® O + cos 0 sin® O
sin 6 cos 0 (cos? B + sin? 0)

c0s?0 + 1+ sin?0 — 2sin
(1 - sin®) cosO

= sin 6 cos 0 (1) [ sin? 0 + cos? O = 1]
_ (c0529+sin29)+1—25in9 =sin 0 cos 0
- (1 - sin®) cosO = RHS
29— 26in® _ 24, LHS = (cos A - sin A)? + (cos A + sin A)?
[ sin?2 0 + cos? 0 =1] =cos? A + sin? A — 2 sin A cos A + sin? A

(1 - sin®) cosO +cos? A + 2 sin A cos A



=2 (sin® A + cos A) (sin® + cos0)® — 1

=2 o sin? A+ cos? A =1 28. LHS =
-9 ) [ sin €08 | tan0 — sin 0O cos6
= RHS sin%0 + cos? 0 + 2sin @ cosd — 1
25. LHS = cot? 0 — cos? = Sn®
c0s2 6 0 —sin® cosO
= 7@ - COS2 0 0s
sin i _
_ 1+ 251n19 cos -1 [ sin? 0 + cos? 0 = 1]
=cos? 0 ( - 1) sin@ (— - cose)
sin2 @ cosO
o 1—sin20 _ 2sin® costz
sino 17200
2
cos” 0
= | =——=— (cos? 0)
(sm2 9] = (Lsg) (cos 0)
2 2 . > 1-cos“6
[ sin®0 +cos*®=1= 1-sin* 0O = cos” 0]
= cot? 0 cos? 0 3 2cos20
2% LHS = c0s%0 — cot?0 + 1 sin® 0
sin%0 + tan”0 — 1 [ sin? 0 + cos? 0 =1 = 1 - cos? O = sin? 0]
24 =2cot? 0
cos? 0 — Closize +1 = RHS
= Sin sin 6 cos O
02 29. LHS = -
sjnze+¥—1 cosO +sin®  cosO — sin®
cos“ 0 ) )
(cosze 6in26 — cos26 + sin? 0) _ sin® cosO — sin29 - C(')s2 0 —sinB cosO
) cos” 0 —sin“ 0
_ sin” 6
(sin2 0 cos? 0 + sin? 0 — cos? 0) _ —(sin2 0 + cos? 0)
cos’0 cos’0 —sin’ 0
.2 2
_ (sin®© cos? 6 + sin® 0 — cos? 0) _ sin“0+cos"6
- sin20 sin?0 — cos? 0
y cos2 0 sinz 0 n COSi 0
(sin® B cos? O + sin? @ — cos? 0) = w
) sin“@ cos” 6
- COSZ 6 cos?0  cos’@
sin” 0 [Dividing the num. and denom. by cos? 6]
= cot? 0 tan?0 + 1
= RHS N tan?0 — 1
27. LHS =1 + (cot? 0 — tan? 0) cos? 0
cos’0 sin’0 5 = RHS
=1+ |- ——5_|cos"@ 30. LHS = (1 + tan? 0) (1 + cot? 0) tan? 6 — (1 - tan? 0)?
sin“® cos“ 0

1
n%0

. . =(1+tan26)(1+ jtan29—(1—tan26)2
=1+ [cose—sme] cos2 0 ta
sin? @ cos® @ =(1+tan?0) (tan2 0 + 1) — (1 — tan? O)?

= (1 + tan® 0)?> — (1 — tan? 0)?

2 2 2 .2

—14 (cos” 0 + sin“ 0)(cos” 0 — sin“ 0) =(1+tan20+1-tan20) (1 + tan2 0 — 1
sin @ + tan? 0)

20 w2 [ a>=b?=(a+Db)(a-D)
=1+ w [ sin2 O + cos? 6 = 1] =2 (2 tan? 0)

sin®9 =4 tan?0
_ sin?0 + cos2 0 — sin> O = RHS
- .2 2 2

sin” 0 3L LHS = <ot 12 4 _tan 12

c0s2 6 1+cot’A 1+tanA

~ sin?0 _ cot’> A + tan® A
— o2 0 cosec” A sec? A
= RHS [~ 1+ cot>? A =cosec® A and 1 + tan? A = sec? A]
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32.

33.

34.

LHS

LHS

RHS

2 s 2
cos” A . sin® A 5
= | ——| (sin* A) + cos* A
( ZAJ ( ) [coszAj ( )

sin

=cos? A +sin? A

=1
= RHS
_ tanA . cotA . 2
- CoseCZA SeCZA cosecA secA
_(sinAY, . » cos A 2
= (cosAj(sm A) + (THAJ(COS A)
+ 2 sin A cos A
.3 3
_ sin” A cos” A .
= osA + S A + 2 sin A cos A
_ sin® A + cos* A + 2sin? Acos® A
sin Acos A
_ (sin? A + cos? A)?
B sin A cos A
sin A cos A sin A cos A
.2 2
_ sin“A +cos”A a2 2 A _
= T onA cosA [ sin® A + cos? A =1]
_ sin? A cos? A
sin A cos A sin A cosA
_ sin A + cos A
cosA sin A
=tan A + cot A
= RHS
B ((1 + cotA+ tan A) (sin A — cosA))
sec’A — cosec’A

sinA + m (SII‘IA— COSA)
1 1
cos’ A sin® A
(sin AcosA + cos?A + sin?A)(sinA — cos A)
_ sin AcosA
(sin®A-cos®A)
sin® Acos® A
(sin®A— cos®A)
sin A cosA
(sin®A— cos®A)
sin® A cos®A
[ (a=Db) @ +ab+ P =a®- b
s]'_n?’ A — Cose’A « sin3 A COS3A
sinA cosA sin® A — cos® A

(1 + cosA | sinA

=sin? A cos? A
= RHS

= (sec 0 + tan 0)?

:( 1 +sin9j2
cos®  cosH

_ (1+sin9)2

cos0
_ (1+5sin0)?

cos” 0

(1 + sin®)(1 + sin0)
(1-sin?0)

v sin?@ +cos?@=1 = cos?0=1-sin? 0]
_ (1+sin®)(1 + sin®)
" (1+sin®)(1 - sinB)

[- 22—V =(a+Db)(@a-Db)]

—_

1+ sin0
1-sin6
= LHS

ALTERNATIVE METHOD:
1+sin6
LHS = ———
5 1-sin®
_ (1+sin®) (1 + sin6)
" (1-sin®) (1 + sin6)

(1 + sin®)?
1-sin’0
_ (1+5sin0)”

cos2 9

[ sin?0 + cos?B=1= 1-sin? O = cos? 0]
_ (1 + sine)2
cosO
_ ( 1, sinG)Z
cos®  cosO
= (sec O + tan 0)?

= RHS
35. RHS = (sec 0 — tan 0)?

:( 1 _sinejz
cos® cosO

_ (1 - sine)2
cosO

_ (1-sin6)?

- cos> 9

_ (1-sin@)(1 - sin6)
- 1-sin?0

[~ sin20 + cos?20 =1= cos? 0 =1-sin? 0]
_ (1-sin®) (1 - sin®)
" (1+5sin0) (1 - sin®)

[-a2=b=(a+Db)(@a-Db)]

_ 1-sin6
" 1+sin6

= LHS
36. RHS = (cosec 0 + cot 0)?

:( 1 +c059j2
sin®  sin®




37.

38.

_ (1 + Cosej2
sin©

_ 1+ cose)2
sin?0

(1+ cosB)(1 + cosB)

1- cos? 0)

[ sin?0 + cos?@ =1 = sin2 0 =1 — cos? 0]
_ (1+cosB)(1 + cosB)

" (1+ cos8)(1 — cosH)

[...
1 + cosO
1 - cosb

=LHS

sin© 2
RHS = (1 + COSG)

sin?0
(1+ cos 6)2

1 - cos?
(1+ cos 6)2

[ sin?0 + cos? 0 =1

2 - =(a+b) (@b

= sin?20 =1 - cos? 0]

(1+ cos6) (1 - cos6)

(14 cosB) (1 + cos6)

1- cos6
1+ cos6
1

~ sech
1

secO

secO —1
secH
secO +1
sec

secO — 1 secO

2 -V =(a+b) (@b

secO secO +1

sec6—1
secO+1

= LHS

LHS = (1 - sin 0 + cos 6)?
= [(1 - sin 0) + cos 0]?

= (1 - sin 0)> + 2(1 - sin 0) cos 0 + cos® O
=1+sin?0-2sin O + 2 cos 0

=1+ (sin® O + cos? 0)

—2sin 0 cos O + cos? O
+ 2 cos 6 —2sin 0
— 2 sin 0 cos 6

=1+1+2cos6-2sin6-2sin cos 6

=2+2cos0—-2sin 0
=2 (1 + cos 0) —2 sin

[- sin? 0 + cos? O = 1]
— 2 sin 6 cos 6
0 (1 + cos 0)

= (1 + cos 0) (2 — 2 sin 0)
=2 (1 + cos 0) (1 - sin 0)

= RHS

39.

40.

41.

42.

LHS =

LHS = 1

LHS

LHS

[...

cos®  (cos0)(1-sin0)
1+ sin6 (1+ sinB)(1 — sin6)
cosB(1 — sinB)
1-sin’@
cosO(1 — sin0)
cos? 0

sin? ® + cos? B = 1 = 1 —sin® B = cos? 0]

_ 1-sin6

cos0

= RHS

— cos0
sin6

_ (1= cos6)(1 + cosB)

sin0(1 + cos0)

1-cos?9

~ sinB(1 + cos0)

[

sin’ 0
sin®(1 + cos0)
v sin? 0 +cos? 0 =1=1-cos? 0 = sin? 0]
sin6

- 1+ cos6

RHS
sin6
1 - cos6
sin@(1 + cos0)
(1 - cosB) (1+ cos6)
sin®(1 + cos0)
1- cos? 0)

_ sinB(1 + cos6)

(sin” 0)

[ sin?0 +cos2®=1=1-cos? 8 = sin? 0]

1+ cosH

sin©
1 cosO
sin 6 sin©

cosec 0 + cot 0
RHS

tan0 + sin0
tan0 —sin0

secO +1
sec — 1

= RHS
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43.

44.

45.

46.

47.

cotA — cosA
cotA +cosA

LHS

cos A
sin A
cosA
sin A

— cosA

+ cosA

sin A
1
COSA(sinA + 1)

COSA(L - 1)

cosecA —1
cosecA +1
= RHS

LHS = 1

secO + tan 6
(1) 9 (sec® — tan )
(secB + tanB)  (secH — tan6)

secO — tan 0
=== [ @+b@-b=a-1]
sec?0 — tan’ 0
sec O — tan 0
[-1+tan®?0 =sec? 6 —tan? 0 = 1]
1
cosecO + cot0

_ (1) (cosecH — cotB)
" (cosec® + cotB) (cosec® — cotB)

LHS =

cosecH — cot0
cosec? 0 — cot’ 0

= cosec 6 — cot O
[- 1+ cot? 8 = cosec? § ..cosec?  — cot? § = 1]
cosecO + cot6

LHS = cosecH — cot6

_ (cosec® + cot0)(cosecO + cot0)
" (cosec® — cot)(cosecH + cotB)

_ (cosecH + cot 9)2
cosec? @ — cot’ 0

= (cosec O + cot 0)?
[-1+cot?20=cosec2® = cosec? 8 —cot?8 =1]
= cosec? O + cot? B + 2 cosec O cot O
=1+ cot? 0 + cot? O + 2 cosec 0 cot O
[ cosec? B =1 + cot? 0]
=1+ 2 cot?> 0 + 2 cosec O cot O

= RHS
secO + tan6
LHS = secH — tan®

_ (secb + tanB)(secO + tan6)
" (sec® — tan©)(sec® + tan0)

_ (secH + tane)2
sec’0 — tan’ 0
(sec 0 + tan 0)?
[*1+tan? 0 = sec? 0 = sec? 0 — tan® 0 = 1]

:( 1 +sinej2
cos®  cosH

_(1+sin® 2
B cos6

= RHS
secO — tan6
48. LHS= ——
8 5 secO + tan6
1  sin®
_ €0sO cosO
1 + sin®
cos® cosH
1 .
_ cost (1-sin®)
1 .
o (1 + sin®)
_ (1-sin®) y (1+ sin®)
" (1+sin®) ~ (1+sin®)
[Multiplying the num. and denom. by (1 + sin 6)]
_ 1-sin’0
(1+ sin®)?
B cos>0
(1 + sin 0)?
[~ sin?0 +cos?20=1=1-sin?0 = cos? 0]
secO — tan6
49, LHS= ——
? 5 secO + tan6
_ (sec — tan0)(secO — tan0)
"~ (sec® + tan©)(sec — tan )
_ (secO — tane)2
sec?0 — tan? 6
= (sec 0 — tan 0)?
[~ 1+tan? 0 = sec? = sec? 0 — tan? 0 = 1]
=sec? 0 — 2 sec 0 tan O + tan” O
=1+tan? 0 —2 sec O tan O + tan? O
=1-2sec0 tan 0 + 2 tan? 0 = RHS
B 1 1
20 LHS = secO —tan® cosO
3 (1)(secO + tan0)
= (sec® — tan®)(sech + tanB) o C 0
_ secH + tan6
= —F5 ———5— —sec 0
sec”0—tan“ 0
=sec 0 + tan 6 — sec 6
[~ 1+tan®0 =sec? 8 = sec? O — tan? 0 = 1]
=tan 0
RHS = — !

cosO  sec + tan®

(1)(secH — tan )
(secH + tan0)(secO — tan 0)

=sec 0 —

secO — tan 0
sec?0 — tan2 0
=sec 6 —sec 6 + tan O
[ 1+tan?0 =sec?® = sec? 0 —tan? 0 = 1]
=tan 0
Hence, LHS = RHS

=sec O —

[Each is equal to tan 6]



1 1
secA+tanA cosA
(1)(secA—tanA)

= —secA
(secA+tanA)(secA—tanA) see

51. LHS =

_ secA —tan A —secA

sec” A—tan? A
=sec A—tan A —sec A
[ 1+tan? A =sec? A = sec? A —tan? A =1]

=—tan A
_ 1 1
RHS = cosA secA-tanA
_ secA— (1)(secA+tanA)

(secA—tanA)(secA+tanA)

secA+tan A
sec? A —tan® A
=sec A—sec A—-tan A
[ 1+tan? A =sec? A = sec® A —tan? A = 1]
=—tan A
Hence, LHS = RHS

52. LHS =

= secA—

[Each is equal to — tan A]
1 1
cosecA + cotA sinA
(1)(cosec A— cot A)

~ (cosecA+ cotA)(cosec A— cotA) cosec A

cosec A— cot A
cosec® A — cot’* A
= cosec A — cot A — cosec A
[ 1+ cot? A = cosec? A = cosec? A — cot? = 1]

— cosec A

=-cot A
1 1
RHS = -
S sinA cosecA — cotA
(I)(cosec A+ cot A)
= A —
cosec (cosec A— cot A)(cosec A+ cot A)

— cosec A — (cosec A+ cotA)

cosec® A — cot’A
= cosec A — cosec A — cot A
[- 1+ cot? A = cosec? A = cosec? A —cot? A =1]
=-cot A
Hence, LHS = RHS.

1+ cosO

_|(1+cosB)(1 + cosB)
"\ (1 = cosB)(1 + cosB)

[Each is equal to — cot A]

(1+ cos 9)2
1-cos’9

_ {1+ cos 9)2
sin?0

[~ sin20 +cos?0=1= 1-cos? 0 =sin? 0]
1+ cos6
sin®

1 cos0
sin® sin©

= cosec 6 + cot 6

S

1-sin6
54 LHS = 1% sine
_ /(1 -sinB)(1 - sinB)
= (1 +sinB)(1 - sin0)

~ /(1 —sin6)?
1-sin’@

(1 - sin®)>

cos? 9

[ sin?0 +cos?®=1=1-sin?0 = cos? 0]
1-sin6

cosH

1 sin®
cos0 cos0

sec O — tan 0
= RHS
1+ cosA

55. LHS =
1-cosA

_|(1+cosA)(1+cosA)
AV (1-cosA)(1+ cosA)

(1+ cos A)2
1-cos? A
(+cosA)?
sin” A
[-sin? A+cos>? A=1 =1-cos® A =sin? A]
_ 1+cosA
sin A
(1+cosA)(tanA)
- sin A (tan A)

tan A + cosA tan A
sinAtan A

tan A + cosA (SmA)
cosA

tan A sin A

_ tanA +sinA

" tanAsinA

= RHS

sec6—1 secO+1
secO+1 sec6—1

56. LHS = \/

(secB® —1)(sech — 1) (secO + 1)(secH + 1)
(secO + 1)(sech — 1) (secB® —1)(secH + 1)

:\/(sece—l)z +\/(sec9+1)2

sec?0 -1 sec?0 -1

| ssuuusp|oBWoU0SL
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_ |(secb — 1)% (sec + 1)2 _ cos’ 0 B sin® 0
= + cos® —sin®  cosB —sinb

tan® 0 tan’ 0
3 .3
[-1+tan?0=sec?2® = sec? -1 =tan?6] _ (cos”6 - sin 0)
_secB-1  sechH+1 (cos® — sin6)
tan® tan® _ (cosB —sin 9)(cos2 0 + sin” 0 + sin® cos0)
_secO—-1+secO+1 - (cos® — sin0)
tan6 . .
=1 + sin 0 cos 0 [ sin? B + cos? 0 =1]
_ 2secb = RHS
tan® 1
2 5.  LHS= (1+tan”A)[1+—
= —— cotO tan“ A
cos0
2
= 2 cos0 = seCZA M
cosO sinB tan” A
2 2
= 1 sec” A
i = [+ 1+ tan? A = sec? A]
sin® cos? A ( tan® A J
=2 cosec 0
= RHS _ 1 1 % cos? A
or LHS = \/1+cosG + \/1—cos€ cos’ Al cos? A sin?A
1 - cos6 1+ cos6 1
1 1- 1 ~ cos? Asin® A
_ secO secO 1
_ 1 1 = & [rsin?A+co?A=1]
! secO L+ secO (1—sin2 A)SinZA
_ \/sec6+1 \/sece—l B 1
secO —1 secO+1 T sin2A—sin® A
Now, follow the steps given for the solution of Q. 56. - RHS
57. LHS = cotA + cosecA - 1 60 LHS = cos®0+sin®0 | cos®0—sin’®0
cotA —cosecA+1 ) cosO+sin0 cos0—sin®
2 2
_ COtA + cosec A— (cosec”A— cot”A) (cos6+sin 9)(c052 6 — cosBsin B + sin> 9)
cotA — cosecA +1 = . +
(cos6+sin®)
[*1 + cot? A = cosec? A = 1 = cosec? A — cot? A] . 5 . L,
_ (cot A+ cosecA) — (cosec A+ cot A)(cosec A— cot A) (cos®—sin 9)(COS 0+ cos0sin® +sin 9)
B (cotA — cosecA + 1) (cosB—sin®)
_ (cot A+ cosec A)(1 — cosec A+ cot A) [va®+ 1= (a+b) @ -ab+ b
(cotA — cosecA +1) and @ - b® = (a - b) (@® + ab + b?)]

= cot A + cosec A (cos? O — cos O sin O + sin? 0)
cosA 1 + (cos? 0 + cos 0 sin 0 + sin? 0)
T SinA ' sinA = (1 - cos 6 sin 0) + (1 + cos O sin 0)
[ sin? 0 + cos? 6 = 1]

_ cosA+1 -9
sin A = RHS
1 + cosA 3 3
= 6L LHS = tan 62 cot 92
1+tan“6 1+ cot“0
= RHS

3 3
tan” 0 + cot’ O

2 «. 3 -
cos“ 6 sin” 0 =
sec’ cosec? 0

% LHS = 1-—tan® sin0 —cosO
) 3 [* 1+ tan? 0 = sec> 0 and 1 + cot® O = cosec? 0]
_ _cos”8 + sin” O .3 3
_ sin® sin® — cos® w w
cosH — €os"6  sin"6
1 1
_ __cos’ _sin’ cos’8  sin’@
cosO —sinB sin® — cosO 3 3
cos6 _ (sm39) (cos? 0) + (cos3 0) (sin? 0)
(cos” 0) (sin” 0)



62.

63.

64.

65.

66.

cos®0
sin©

sin® @
cos6

sin® 0 + cos* 0
cos0O sin O

(sin4 8 + cos* 0 + 2sin” @ cos? 0) - 2sin” 6 cos> O
cos0 sin®

(sin2 6 + cos> 9)2 —2sin6 cos? 6
cos0 sin®

1 - 2sin? 2
1-2sin"6 cos™8 [ sin? 0 + cos? 6 = 1]

cosO sin6
1 _ 25in%0 cos’ 0
cosH sin6 cos0 sin 0

sec 0 cosec O — 2sin 0 cos 6 = RHS
LHS = sin* A - sin? A
=sin2 A (sin? A — 1)
(1 = cos? A) (—cos? A)
[ sin® A + cos? A = 1]

=—cos? A + cos* A
= cos* A — cos? A
= RHS

LHS = tan* 0 + tan? 0
=tan? 0 (tan? 0 + 1)

.2
= [sze) (sec? 0) [ 1+ tan® 0 = sec? 0]
cos“ 0

sin?0 ( 1 )
c0s?8 ) \cos?0

sin®0

cos* 0
= RHS
sect A — tan* A
(sec? A)? — tan* A
= (1 + tan® A)? — tan* A
[-1+tan® A = sec? A]
=1+tan* A + 2 tan? A — tan* A
=1+2tan®> A
= RHS
cosec* A -2 cosec? A
cosec? A (cosec? A —2)
=(1+cot? A) (1 + cot?> A -2)
[- 1+ cot? A = cosec? A]
= (1 + cot? A) (cot> A - 1)
cot? A +cot* A-1-cot? A
=cot*! A-1
= LHS
cos® 0 —sin® 0
(cos* )2 — (sin? 0)?
= (cos* 0 + sin* 0) (cos* O — sin* 0)
= [(cos? 8)? + (sin? O)? + 2 sin? O cos? B — 2 sin® O
cos? 0] [(cos? 6 — sin? 0) (cos? O + sin? 0)]
= [(cos? O + sin? )2 — 2 sin? § cos? 6]
[(cos? 6 — sin? ) (cos?® O + sin? 0)]
= (1 -2 sin? O cos? ) (cos? O — sin? 0)
[ sin?2 0 + cos? 6 = 1]

LHS

RHS

LHS

= (cos? O — sin? 0) (1 — 2 sin? O cos? 0)
= RHS
cotA + tanB

67. LHS = cotB + tan A

cotA + tanB
1 1
tan B * cotA

(cotA + tan B)
(cot A + tan B)
cotA tanB

(cot Atan B)

= (cot A + tan B) (CotAT tanB)

= cot A tan B

= RHS
cos? A sin? B — sin? A cos? B
cos® A (1 — cos? B) — (1 - cos? A) cos® B

[- sin?0 =1 — cos? 0]

= cos? A — cos? A cos? B — cos? B + cos? A cos? B
cos? A - cos’ B
= RHS
sin®A - sin’B

cos?A cos’B

68. LHS

69. LHS =

sin? A B sin?B

cos? Acos’B cos® Acos’B
= tan? A sec? B — tan? B sec? A
= tan? A(1 + tan? B) — tan? B (1 + tan? A)

[- 1+ tan? 6 = sec? 0]

=tan? A + tan? A tan? B — tan? B — tan? A tan? B
= tan? A — tan? B = RHS

70. LHS = (1 + tan A tan B)? + (tan A - tan B)?
=1+ tan? A tan? B + 2 tan A tan B + tan? A

+tan? B -2 tan A tan B

=1+ tan? A tan? B + tan? A + tan® B
=1+ tan? A + tan? A tan? B + tan® B
= (1 + tan® A) + tan? B (tan® A + 1)
= (1 +tan® A) (1 + tan? B)
= sec? A sec’ B

[- 1+ tan® 0 = sec? 0]

= RHS
71. (i) sin 0 +sin20 =1 [Given]
= sin ® = 1 — sin? O = cos? O
[-sin?0 +cos?20=1=1-sin? 0 = cos? 0]
= sin®? © = cos* 0 .. (1
Now, cos? 0 + cos* 0 = cos? 0 + sin? 0 [Using (1)]
= cos’0+costO=1
Hence, cos? 0 + cos* 0 =1
(i) cos A + cos?A =1 [Given]
= cos A=1-cos? A=sin? A ...(1)

[ sin? A+ cos?A=1=1-cos? A =sin? Al
Now sin? A + sin* A = sin? A (1 + sin? A)
=cos A (1 + cos A)
[Using (1)]
cos A + cos? A
1
[ cos A + cos® A =1, given]
Hence, sin®? A + sin* A =1

a; | ssuuusp|oBWoU0SL
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(i)

cos 0 —sin 6 = /2 sin 0 [Given]
= J2 sin 6+ sin 0 = cos O
= sine(\/z+1)=cose
= sin = 059
V2 +1
- i 0 = cos0 (\/E -1)
N2+1) (2-1)
. cosB(v/2 - 1
= sin 6 = %
= sin 0 = v2 cos 0 — cos 6
= sin 0 + cos 0 = v2 cos 0
sin 0 + cos 0 = V2 [Given]
Squaring both sides
= (sin © + cos 0)? = 2
= sin? 0 + cos®> 0 + 2 sin O cos 6 =2
= 1+2sin6cosO=2
= 2sin0cos O =1
= S
sin®cos 6
- Sin?+005°0 _ o [ 20 4 o2 0= 1]
sinBcos 6O
sin?0 cos” 0 _
sinBcos® sin®cosO
- sin® , cos® _
cosO sin®
= tan 0 + cot 6 = 2

For Standard Level

72.

RHS =2 +

sin©
cot6 — cosecH

sin0(cot® + cosecO)

(cot® — cosecH)(cotB + cosecB)

sin®(cot6 + cosecO)

=2+
(cot2 0 — cosec? 0)

sin®(cot6 + cosecO)
(cosec2 0 — cot? 0)

=2 —sin 0 cot 6 — sin 6 cosec 0

[- 1+ cot? © = cosec? 0 = cosec? O — cot? 0 = 1]
= 2 sin 0 cosec 6 — sin 6 cot 6 — sin 6 cosec 6
[ sin O cosec 6 = 1]

sin 6 cosec O — sin 0 cot 0
sin 0 (cosec 6 — cot 0)

= sin 0 (cosec 6 — cot Q) x

sin@(cosec2 6 — cot? 0)

cosecO + cotO
sin©

cosecO + cot0

=LHS

(cosecH + cotB)
(cosecH + cot0)

ALTERNATIVE METHOD:
We have to prove that
sin® _
cot® + cosecd

sin O
cot® — cosecB

or sin® _ sin O _
cot O + cosecO cot® — cosecB
in 0 sin 6
LHS = sin 3
cot0 + cosecO cot® — cosecO
= sin 0 1 - 1 }
| cotB + cosecO® cotO — cosecH
o 1 1
= 0 +
sm | (cosec® + cot0)  (cosecO — cot 9)]
— sin 6 cosecO — cotO + cosecH + cotO
(cosec2 0 — cot? 0)
= sin 0 (2 cosec 0)
[~ 1+ cot? 0 = cosec? 8 = cosec? O — cot? = 1]
. 2
= 0
s (Sine)
=2
= RHS
sin® + 1 — cos0O
73. LHS= ——M—
cosO — 1+ sin0
sin© 1 cos®
_ €cos® cosO cos6
cos® 1 sin®
cos® cos®  cos6

[Dividing the numerator and denominator by cos 6]
tan6 +secO -1
1-secO + tan®

_ (tan® + secH) — (sec2 0 — tan’ 0)
- (1 - secH + tan0)

[ 1+tan?0 =sec?2 0= 1=sec? 0 —tan?0]
(tan® + secB) — (secH + tanB)(secO — tanO)
(1—secH + tan0)

(tan® + secB)(1 — secH + tan 0)
(1—secH + tan6)

=tan 0 + sec 0
sin© 1
= +
cos6

cos6

sin® + 1
cosO

1+ sin6
cosO
= RHS
74. LHS = sec? 6 + sec? 0 (1 — sec? ) — cosec? O
+ cosec? O (cosec? 6 — 1)

=sec? 0 (1 + 1 —sec? 0) — cosec? O (1 — cosec? 0 + 1)

= (1 + tan? 0) (1 — tan? 0) — (1 + cot? 0) (1 — cot? 0)

[ 1+tan?0 =sec?® = 1—-sec?® =—tan? 0

and 1 + cot? 0 = cosec? 8 = 1 — cosec? 6 = —cot? 0]

=(1-tan*0)—(1-cot* 0) =1 —tan* 0 — 1 + cot* 0
= cot! 0 — tan* 0 = RHS



75. LHS = cos™® 6 — tan® 0
1 sin® 0

cos®®  cos® 0
1-sin®
cos® 0
1)% - (sin?0)>
cos® 0

(1-sin?0)(1 + sin* 6 + sin0)

cos® 0
[ a®=b=(a-D) @+ b+ ab)]
3 cos? o[1+(1 - cos? 9)2 + sin? 0]
- cos® 0

[-sin20 +cos?20=1= 1-sin20 =cos?0
and sin? 6 = 1 — cos? 0]
1+1+cos*0—2cos?6 + sin? 0
cos* 0

cos*0 + 2 — 2c0s?0 + sin’ O
cos*®

cos* 0 + 2(1 - cos? 0) + sin?

cos* 0

cos* 0 + 2sin? 0 + sin’ 0
cos*®

[+ sin20 +cos20=1=1-cos? 0 = sin? 0]
cos* 0 + 3sin’0
cos*0
4 .2
_ cos46 +3 Sin 0
cos” 6

cos* 0

1+3 sin @ [ 1 )
cos> 0 cos> 0

=1+3tan? 0 cos?20
=3tan20 cos20 +1

= RHS
76. cosec O + cotO =a
and cosec O —cot O =b [Given]
LHS = ab
= (cosec O + cot 0) (cosec 6 — cot 0)
= (cosec? § — cot? 0)
=1
[- 1+ cot? 0 = cosec? 6 = cosec? O — cot? § = 1]
= RHS
Hence, ab = 1.
77. cosec 0 —sin 6 =1
and sec 6 —cos 6 =m [Given]

LHS = 2 m? (> + m? + 3)
= (cosec 0 — sin 0)? (sec O — cos 0)?
[(cosec 6 — sin 0)? + (sec 0 — cos 0)? + 3]

1 201 2
= (m — SIn 9) (@ - COSG)
2 2
[( ,1 —sin@] +(L—C089) +3}
sin© cosO

5 \2
1—sin 6 1-cos”6
sin© cos0
2 \2
—smG 1—cos“0 +3
sin© cosO
2 \2 2 \2
cos 9 sin 6 cos” 0 4| sin 0 +3
sin® cos6 sin® cos
B cos* 0 sin*9 cos* 0
Sl 24 " 2 P
sin“ 0 cos“ 0 sin“ 0

= (cos? 0)(sin? 0) cos® @ + sin® 6 + 3cos? Bsin?
.2 2
sin“6cos” 6

. 4
sm29 +3
cos“ 0

= cos® 0 + sin® O + 3 cos? O sin® O

= [(cos? 0)% + (sin? 0)3] + 3 cos? O sin? O

= [(cos? 0 + sin? 0)% — 3 cos? 0 sin? 0
(cos? + sin? 0)] + 3 cos? O sin? O

[ a®+ D= (a+Db)P®-3ab(a+Db)
=1 -3 cos? 0 sin? O + 3 cos? O sin? O
-1
- RHS
78. % sin 6 - % c0s 0 =1 [Given]
2 2
= X sin20+ L co20-2% sin0. L cos0=1
a? b? a b
[Squaring the given equation] ... (1)
Y os0+ L sino=1 [Given]
a b
2 2
= X 020+ L sin20+2% cos0. L sino=1
a? b? a b

[Squaring the given equation] ... (2)
Adding (1) and (2), we get
2
x—z (sin? O + cos? 0) + y—z (cos? 0 + sin? 0) = 2
a b

2

N

= =2 [ sin? 0 + cos? B = 1]

am‘x
%[

Hence, proved.
79. x=asin®and y = b tan 6
LHS = a%? — 1?x?
= % tan? 0 — b%? sin? 0
= a?* (tan? 0 — sin? 0)

)
= a2h? [sm26 — sin? Gj

cos“ 6
= 2 sin? 0 ( L —1)
cos“ 0

- 22 sin2 g | 12050 COSZGJ
cos? 0

.2
. sin” 0
= a?h? sin? 0 —
cos“ 0

[ sin? 0 + cos?0 =1 =1~ cos? O = sin? 0]

a | ssuuusp|oBWoU0SL
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80.

81.

82.

a?b? sin” 0 tan? 0
(a* sin? 0) (b* tan? 0)
= xlyz
= RHS
= ay? - b2 = xRy
Hence, proved.

x=asec®+btan 6 [Given]

= x% = % sec? 0 + b? tan? O + 2ab sec O tan 0
[Squaring the given equation] ... (1)
y=atan 0 + b sec 0 [Given]

= y? =a?tan® 0 + b? sec® O + 2ab tan 0 sec 0

[Squaring the given equation] ... (2)
Subtracting (2) from (1) we get

= x2 — y? = a’(sec? 0 — tan? 0) + b? (tan? O — sec? 0)
= x2 -2 =aX(1) + b¥(-1) [ 1+ tan? 0 = sec? 0]
. 2o =a- b
Hence, proved.

sin O + cos 6 =m [Given]
and sec O + cosec O =n [Given]

LHS = n(m? -1)
= (sec O + cosec 0) [(sin 0 + cos 0)% — 1]

_ 1 1
B (cose * sine)

[(sin? O + cos? 0) + 2 sin 0 cos 0 — 1]
sin® + cosO 1
sin® cos 6O

+2sin 0 cos 6 — 1)

[ sin?2 0 + cos? 0 =1]
(sin® + cos0)(2sin 6 cos0)
(sinBcos0)

=2 (sin 6 + cos 0)
=2m
= RHS
1

cosec O = x + —
4x

cot? O = cosec? 6 — 1

1
=x2+ 5 +2(x) (?x)_l
1 1 1 1
=cot? 0 =22 + + = —1=a? =
16x2 2 16x2 2
(-]
4x
= cotezi(x—i)
4x
N = [y_ L
= cote—(x 4x) or cot 0 = (x 4xj
When, cot 0 = (x—ij,
4x
1 1
then cosecO+cotO=|x+— |+ |x——
4x 4x

83.

_ [
_x+4x+x pye
=2x
When, cot O = — (x—ij,
4x
1 1
then cosec O +cotO=|x+—|+|—|x——
4x 4x
_ R
=x+ i X+ i
-2
4x
T 2x
Hence, if cosec 0 = x + i, then cosec 0 + cot 0 = 2x
ori
2x
p = sec O — cosec 0

and g = sin 6 — cos 6
LHS=p(®>-1) +2q
= (sec 0 — cosec 0) [(sin 0 — cos 0)> — 1] +
2(sin 6 — cos 0)

_ 1 1 . 5 20 5w
_(cose sirle)(sm 0 + cos* 0 —2sin 6

cos 0 — 1) + 2(sin 6 — cos 0)

_ sin®-cosB . . ~ .
= TcosB sin® (1-2sin 6 cos ©—1) + 2(sin 6 — cos 0)

[ sin?2 0 + cos? 0 =1]

= (5in6 — cos6) (—2sin O cos 0) + 2(sin 6 — cos 0)

cos0sin®
_ —2(sin@ — cose.)(sme cos0) + 2(sin 0 — cos 0)
cos0sin®
= —2(sin O — cos 0) + 2(sin O — cos 0)
=0
= RHS
84. cosec O + cot O = m [Given]
2
tHs = M =1
m-+1

(cosecH + cot 6)2 -1
(cosecH + cot 6)2 +1

cosec? 0 + cot? 0 + 2cosecOcotd — 1
cosec?0 + cot? @ + 2cosecOcotd + 1

cot?0 + cot? 0 + 2cosecO cot®

cosec? @ + cosec® 8 + 2cosecHcot O
[~ 1+ cot? 8 = cosec? 8 = cot? B = cosec? B — 1]
2 cot?0 + 2cosec cot®
2cosec’ 0 + 2cosecH cotO

2cotB(cotO + cosec)
2cosecB(cosecH + cotB)

cotO
cosecO




cos6

sin®
1

sin©

cos0 sin©

sin© 1
=cos 0
= RHS
85. 5sin®+7cos6=7 [Given]

Now, (5 sin 0 + 7 cos 0)? + (7 sin 6 — 5 cos 6)?
=25 sin? 0 + 49 cos? 0 + 70 sin 0 cos O + 49 sin? O
+ 25 cos? 0 — 70 sin O cos 0
(5sin 0 + 7 cos 0)2 + (7 sin 6 — 5 cos 0)?
= 25(sin? 0 + cos? 0) + 49(sin? 0 + cos? )
= (7)*+ (7 sin 0 — 5 cos 0)?> = 25 + 49
[ sin?0 + cos?@=1and 5sin 0 + 7 cos 0 = 7, given]
= 49 + (7sin 0 - 5 cos 0)> = 25 + 49
=
=

U

(7 sin 0 — 5 cos 0)> = 25
(7sin®-5cos0) ==5
Hence, proved.

86. tan? o = 1 + 2 tan? B [Given]

= l+tan?a=1+1+2tan?p
= l+tan? =2 +2tan’ B
= sec? o = 2(1 + tan? B)
= sec? o = 2 sec? B
[~ 1+ tan? 0 = sec? 0]
N 1 2
cos’o.  cos®P
= cos? B =2 cos? a
= cos? B = 2(1 - sin? )
[-sinfa+cos2a=1= cos?a=1-sin?da]
= cos? B =2-2sin’ a
= 2 sin? o = 2 — cos? B
= 2sin? o =1+ (1 - cos? B)
= 2 sin? oo = 1 + sin? B

Hence, proved.

CHECK YOUR UNDERSTANDING

— MULTIPLE-CHOICE QUESTIONS ——

For Basic and Standard Levels
1. (c) cos A
(1 —sin A) (sec A + tan A) = (1 —sin A)

( 1 +sinAj
cosA  cosA

. 1+sinA
=(1- A ———
(1-sin )( cosA )
_ 1-sin’A
cosA

_ cos® A
CcosA

=cos A

2 (b) -5
5tan? O — 5 sec? B = 5(tan? B — sec? 0)
=5(-1)
[-1+tan® 0 = sec? ® = tan? O — sec? 0 = 1]

5 (@)1

(sec? 0 — 1) (cot? 0) = tan® O cot? O
[-1+tan?0 = sec? ® = sec? B — 1 = tan? 0]

1
= (tan? 0) (tanzej =1
4. (o)1

(1 + tan? 0) (1 — sin 0) (1 + sin 0) (1 + cos 0) (1 — cos 0)
(1 + cot? 0)
=sec? 0 (1 —sin?0) (1 — cos? B) cosec? B

[- 1+ tan® = sec? ® and 1 + cot? © = cosec? 0]
= sec? 0 cos? 0 sin? © cosec? O [ sin?2 0 + cos? 0 = 1]

=1

1 .
= 3 cos? 6 sin? 0 — 5
cos“ 6 sin“ 0

5. (c) cos? O — sin? O

_ sin’@

1- tanz 0 _ c()s2 0
2 )

1+ tan“ 0 1+s1r129

cos“ 0

cos” 0
(cos2 0 + sin? 0)

_ cos20 — sin’ O

cos> 0

cos? © — sin” O
[ sin? 0 + cos? 0 = 1]
6. (c) cosec O + cot O

1+cos® _ |(1+cosB)(1+ cosB)
1-cos®  \(1-cosB)(1+ cosb)

|+ cose)2
1-cos?@
2
1’% [ sin? 0 + cos? 6 = 1]
sin

_ 1+ cos6
sin®

1 cos0
sin© sin®

= cosec O + cot 0
7. (c) tan? 0 + tan* 0
sec* 0 — sec? 0 = sec? 0 (sec? 0 — 1)
= (1 + tan2 B)(1 + tan? 0 — 1)
[ 1+ tan? 0 = sec? 0]
= (1 + tan® 0) (tan? 0)
=tan? 0 + tan* 0
8. (b) m*n?
X =msin 0
and Yy =n cos 0
n%x? + m*y? = n’*(m sin 0)> + m? (n cos 0)?

[Given]
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= n?m? (sin? O + cos? 0)
= m*n? [ sin? 0 + cos? 0 =1]
9. (a) 2 cosec x

sinx sinx _
(1+ cosx) (1 - cosx)

. 1—cosx + 1+ cosx
sin x =

= (1+ cosx) (1 - cosx)
= sin x [%} =k
1-cos“x
= sin x(%) = k
sm” X
[ sin?0 +cos?®=1=1-cos? 0 = sin? 0]

= .2 =k

sinx
= 2 cosec x = k

10. (¢) k=

1
2
1+ 2 sin? 0 cos? 6 = sin? O + cos? O + 4k sin? O cos? O
[Given]

= 1+ 2sin?20 cos?0 =1+ 4k sin? 6 cos? 0

[ sin?2 0 + cos?20 =1]
= 2 sin? 0 cos? O = 4k sin? 0 cos? O
25in” 0 cos’ O

= - =
4sin”0 cos> O
1
k==
= 2
11. (o) 1
2x = cosec 0
and % = cot 6 [Given]
_ cosec6
= x=
1 coto
d = = =
any p >

2 2
2 1) _ cosecO)” (cotO
Now, 4(x xzj = 4[( > j ( > ) }

_ 4[coseczﬁ _ cotze}

4 4

= %(cosec2 0 — cot? 0)

=1
[- 1+ cot?0=cosec2® = cosec? 0 — cot?=1]

For Standard Level

1-— cos0
12. (b) prm

sin 6 sin0(1 — cosB)

1+cos® = (1+ cos6)(1— cosH)
sin 6(1 — cos6)
1—-cos? 6

13. (b)

15.

_ sin0(1 - cos0)

sin” @

[ sin20 +cos20 =1=1-cos? 0 = sin? 0]

_ 1—cosO
sin O
q+p
q9—-p
sin O 1

tan 6 + sec 6 =
cos6 cosO

p .
g 1

s
=
|
=
=
—+
=

[Given]

(secH — tan )

+tan? 0 =sec? O = sec? O — tan? 0 = 1]

[Given]

_ |P*4q
qg-p
_ |9tp
q-r
1
x
secO +tan 0 = x
= 1__ 1
X secO + tan©
- 1. !
x  (sec + tan®) (secb — tan6)
_ secH-—tan6
- 2 2
sec” 0 —tan“ 6
= l=sec9—tar19
X
[ 1
(@) 4
x=3sec?20 -1
and y=3tan’0 -2
= x-y=@Bse?0-1)— @ tan? 0 - 2)

=3sec?0-1-3tan? 0 + 2
=3 (sec? 0 — tan? 0) + 1

=3+1
=4

[...

sec? B — tan? 0 = 1]



16.

17.

18.

19.

20.

(b) b* - a?
acot® +bcosec®=p
and b cot 0 + a cosec 6 = g then,

p? — g?= (a cot 0 + b cosec 0)*> — (b cot 0 + a cosec 0)
= a? cot? O + 2ab cot B cosec O + b? cosec? O
— b? cot? © — 2ab cot O cosec O — a> cosec? O
= b? cosec? 0 — a2 cosec? O — b? cot? O + a® cot? O
= cosec? 0 (V* — a?) — cot? 0 (V? — a?)
= (b — a?) (cosec? O — cot? 0)
= b2 - g2 [ cosec? © — cot? B = 1]
(@1
sin @ + sin2 0 = 1 [Given]
= sin ® = 1 —sin? 0
= sin O = cos? 0 .. (D
cos? 0 + cos* 0 = cos? O (1 + cos? 0) = sin O (1 + sin 0)
[Using (1)]
= sin@+sin?0=1 [ sin O + sin? 6 = 1, given]
1

cos 0 +cos?20=1 [Given]

= cos 0 =1 —cos? 0

= cos 0 = sin® 0 .. (D)
sin? 0 + sin® 0 = sin2 O (1 + sin? 0)

cos 0 (1 + cos 0)

= cos 0 + cos® 0

[Using (1)]

=1 [ cos 0 + cos? 0 = 1, given]
2
m- +1
© =5,
sec O +tan 6 =m [Given] ... (1)
= 1 _1
sec + tan 0 m
1 (secB — tan 6) _ 1
(secB + tan0) (secH —tanB) m
secH — tan 6 1
= 2 20 m
sec” 0 —tan“ 0 m
= sec@—’can@:l . (2
m

[-1+tan®B =sec?® = sec? B —tan?0 =1]
Adding (1) and (2), we get

2sec O =m+ 1
m
2
= 2sec =1 +1
m
m? +1
= sec 0 =
2m
2
m- -1
@ =
sec O + tan © =m [Given] ... (1)
= 1 _1
secO + tan®6 m
1 (sec® —tanB) _ 1
secO + tan® (secO —tan®)  m

secO — tan©O 1
= 2 20  m
sec” 0 —tan“ 0 m
= sece—’ranezl .. (2

[ 1+tan20=sec2® = sec?O—tan?6 =1]

Subtracting (2) from (1), we get

2tar16=m—l
m
_ m? -1
m
2
= tan 0 = —1
2m

— SHORT ANSWER QUESTIONS ——

For Basic and Standard Levels

1.

1+ cot?0 _ cosec? 0
1+ tan’@ sec’ O
_ cos? 0
sin% @
= cot? 0
xcos =1 [Given]
1
= YT Cosh
= X =sec 0
= x* =sec® 0 .. (D
tan O =y [Given]
= y? = tan? 0 .. (2
Subtracting (2) from (1), we get
LHS = x? — 12
= sec?0 — tan? 0
=1
= RHS

[-1+tan? 0 =sec? 8 = sec? O — tan? O = 1]
LHS = tan 6 \1-sin’6
=(sin9j cos? 0
cos0
[~ sin20 +cos?20=1=1-sin? 0 = cos? 0]

_ sin®
= 080 (cos 0)

= sin 0
= RHS
cos A +sin A = /3

= cos’ A+sin? A +2sin AcosA=3
[Squaring both sides]

[Given]

= 1+2sin AcosA=3
= 2sin A cosA=2
= sin Acos A=1
= 1
sin A cosA
sin® A+ cos® A
= —_—— =1

sin A cos A

[Putting 1 = sin? A + cos? A]

3 | ssuuusp|oBWoU0SL



sin? A cos® A _
sin A cos A sin A cosA
- sin A cos A -1
cosA sin A
= tan A+ cotA=1
Hence, proved.
1 .
5. tan 0 = — Given] ... (1
NG [ ]...(D
cot0 =5 )

cosec? 0 — sec’ _

1+ cot? 0)—(1+ tan? 0)

cosec? 8 + sec’ @

1+ cot? 0)+(1+ tan? 0)

1+ cot?0—1- tan?0
1+ cot’0+1+tan0

cot’0 — tan? 0
2+ cot?’0 + tan’ 0
1

751 [Using (1) and (2)]
2+5+§

25-1

1
7+5

Hence,

cosec? 0 — sec’® _ 2
cosec? 0 + sec’® 3

For Standard Level

6. tan O +sec O =p

1 (tan 6 — secO)

tan® + secO

[Given] ... (1)
1

(tan® + secO) (tan6 — secO) -

tan® — secH
tan? 0 — sec’ @

tan® — secO _

. (2

QI Q= Q= Q-

=D

[-1+tan? 0 = sec? ® = tan? O — sec? O = —1]

D | Trigonometric Identities

= tan O —sec 6 = —
p

Subtracting (2) from (1), we get

2sec9=p—(—;j

p2+1

2sec O =

9.

= secezp 1
2p
2
Hence, sec 0 = p-+1
2p
7 sin20 + 3 cos? O =4 [Given]
= 4sin20 +3sin20 +3cos?20 =4
= 4 sin? 0 + 3 (sin? O + cos? 0) = 4
= 4520 +3=4
[ sin?2 0 + cos? = 1]
= 3=4-4sin?20
= 3 = 4(1 — sin? 6)
= 3 =4cos? 0
= 3= 4
sec” 6
4
29 4
= sec® 0 3
4
20= =%
= 1 + tan 9-3
4 1
tan2@= = - 1= —
= an 3 3
= ’canezL
5
Hence tem@:i
’ 3
2 —cos?0 = 3 sin O cos O
[Given]
= 2(sin? O + cos? B) — cos? O = 3 sin O cos O
= 2sin2 O + 2 cos? O — cos? 0 = 3 sin O cos O
= 2sin20-3sin0cosO+cos20=0
= 2sin?0—-2sin 6 cos O — sin O cos O + cos? 6 = 0
= 2sin 0 (sin 6 — cos 6) — cos 6 (sin 6 — cos B) =0
= (sin®-cosB) (2sin O —cos0) =0
= Either sin 6 — cos 6 = 0 or2sin®—-cos =0
= sin O = cos 6 or 2 sin O = cos 0
sin O sin@ _ 1
= cos® cos® 2
= tan 6 =1 or tan@z%
1
Hence, tan 6 = 1 or >

LHS = (sin* A — cos* A + 1) cosec® A
= [(sin? A)? — (cos? A)? + 1] cosec? A

= [(sin® A + cos? A) (sin? A — cos?

A) + 1] cosec? A

= [sin? A — (1 — sin? A) + 1] cosec? A
[ sin? A + cos? A =1 = cos? A=1 —sin? A]
= (sin? A =1 + sin? A + 1) cosec? A

= (2 sin? A) (cosec® A)
= (2 sin? A)(

)
sin? A
=2
= RHS



10. [Since B has to be eliminated, we find sec B and use the

identity sec? B — tan? B = 1]

tan A = n tan B

and sin A = m sin B
- sin A _ sin B
COsA cosB
m sin B n sinB
= =
cosA cosB
N m on
cosA ~ cosB
= m sec A =n sec B
= sec B = % sec A
m2
= sec2 B = - secz A
n
Again tan A = n tan B
= tan B = fanA
n
tan? A
= tan?B = 5
n

[Given] ... (1)
[Given] ... (2)

[Using (2)]

)
[Using (1)]

o (@

Subtracting (4) from (3), we get

2 2
m tan® A
sec? B —tan? B = — sec? A —
2 2
n n
= n? = m? sec? A — tan? A
2 m* sin® A
= [
cos” A cos” A
s om? (1 - cos? A)
= S 2
cos” A cos” A

[ sin? A +cos? A=1 =sin? A=1-cos?Al

n?cos? A =m?—-1+ cos? A

U

= n2cos? A-cos?A=m?-1

= cos? A (n2-1)=m>-1
2 —
= cos?A = M
(n° -1
2
Hence, cos? A = (1’}127—1)
(n®-1)
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