cHAPTER 10

Circles

EXERCISE 10A

1. DAB =~ CDA

Subtracting DA from both sides, we get
DAB-DA = CDA-DA

13

- AB = CD 5 c
If two arcs are congruent, then cor-
responding chords are equal.

AB =CD

I

. AB = CD
Adding BC to both sides, we get
- ABC = BCD VAV

N
B

13

13

If two arcs are congruent, then
corresponding chords are equal.

o AC =BD (D)
In A OAC and AOBD, we have

C

OA =0B, AC=BD [using (1)]
and OC =0D
. AOAC = AOBD  [By SSS congruence]
= Z0OAC = ZOBD [By CPCT]
Hence, /A =/B

. Let OM be the line segment joining M, the mid-point of
chord AB and O the centre of the circle.
Then, OM 1 AB.

Produce OM to intersect the minor arc
corresponding to chord AB at P.

Join OA, OB, AP and BP.
In A OMA and A OMB, we have

OA = OB,
AM = BM, OM = OM [common]
= AOMA = AOMB
= ZAOM = /BOM
= ZAQOP = ZBOP .1
In AOPA and AOPB, we have
OA = OB,
ZAOP = ZBOP [using (1)]
OP = OP [common]
AOPA = AOPB  [By SAS congruence]

= PA = PB [CPCT]
If two chords of a circle are equal then their corresponding
arcs are congruent.

- PA = PB
. Let AB and CD be two chords which bisect each other at
O. Join AC, BC, BD and AD.

In AAOC and ABOD, we have

AO = BO,

L1 =242 [Ver. opp. Zs],

CO =DO.
L AAOC = ABOD [By SAS]
= AC =BD [CPCT]
= AC = BD (1)
Also, AAOD = ABOC  [By SAS congruence]
= DA = CB [CPCT]
- DA = CB e
- DA + AC = CB +BD [Adding (2) and (1)]
= DAC = CBD
= (D divides the circle into two semicircles.
= (D is a diameter. Similarly, AB is a diameter.

. In AOAB and AOCB, we have

A
> B
|
e
=~ D
E

OA =0C [Radii of a circle]

AB = CB [given]

OB = OB [common]
i AOAB = AOCB  [By SSS congruence]
= Z1 = /2 = x (say) [CPCT]
Similarly, AOBC = AODC  [By SSS congruence]

£2=/3=x [CPCT]
and AOCD = AOED  [By SSS congruence]

/3=/4=x [CPCT]
In AOAD and AOBE, we have

OA = OB [radii of a circle],

ZAOD = ZBOE = 3x

and OD = OE [radii of a circle]
o AOAD = AOBE  [By SAS congruence]
= AD = BE [CPCT]
Alternative Method

AB =BC =CD = DE [given]

= BA =CB =DC =ED
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. Let chord AB be at a distance of 6 cm

= BA = CB = DC = ED
[If the chords of a circle are equal then their corresponding
arcs are congruent.]

—  DC+CB+BA =~ ED+DC+CB

13

= DCBA = EDCB
= AD = BE

[If the arcs of a circle are congruent, then their corresponding
chords are equal.]
Hence, AD = BE.

from the centre O of a circle of radius
10 cm. Join OA Draw OP L AB. Then,
OA =10 cm and OP = 6 cm.

In right AOPA, we have
AP? + OP2 = OA? [By Pythagoras Theorem]

= AP? = OAZ - OP?

= AP? = (10 cm)? - (6 cm)?
= AP? = (100 — 36) cm?

= AP? = 64 cm?

= AP =8 cm

We know that the perpendicular from the centre of a
circle to a chord bisects the chord.

1

—AB = AP
2
1
= —AB =8cm
2
= AB =16 cm.

. Let AB =24 cm be the chord of a circle

with centre O. Draw OP 1 AB. Then,
OP =5 cm and AP = PB = 12 cm.

[+ Perpendicular from the centre of A 4, B

the circle, to the chord bisects it.]
In right AAPO, we have
AP? + OP? = OA? [By Pythagoras Theorem]

= (12 ecm)? + (5 cm)? = OA?
- (144 + 25) cm? = OA2
= 169 cm? = OA?
= OA =13 ecm

Hence, the radius of the given circle is 13 cm.

. Let AB = 8 cm be the chord of a circle

with centre O. Then, radius OA =5 cm.
Draw OP L AB

AB

1
Then, AP = EAB

1
= —x8cm=4cm
2

[+ Perpendicular from the centre of a circle to a chord
bisects the chord.]

In right AOPA, we have

OA? = OP? + AP?>  [By Pythagoras Theorem]

10.

= OP? = OA? - AP? = (5 cm)? — (4 cm)?
= (25 -16) cm? =9 cm?
= OP =3 cm

Hence, the distance of the chord from the centre of the
circle is 3 cm.

Draw OL L QR
Since the perpendicular from P/ Q L R\S

the centre of a circle to a chord
bisects the chord.

1
QL=LR = SQR

x12cm =6 cm

N | =

In right AOLR, we have
LR? + OL? = OR? [By Pythagoras Theorem]

= (6 cm)? + OL? = (10 cm)?
= OL2? = (100 - 36) cm? = 64 cm?
= OL =8 cm

In right AOLP, we have
PL? + OL? = OP?

= PL? + (8 cm)? = (17 cm)?

= PL? = (289 — 64) cm? = 225 cm?

= PL=15cm

Now, PQ =PL-QL
=15ecm-6cm =9 cm.

Hence, PQ =9 ecm.

Since OP L AB, OQ L CD

and AB || CD, therefore OP and OQ A B

are in the same line i.e., P, O and Q
are collinear points.

Join OA and OB. Let OP = x cm and
OQ =y cm.

OA = OC =5 cm (given)
We know that the perpendicular from the centre of a
circle to a chord bisects the chord.

1
AP = - AB
2

l><8crn =4
’ =4 cm

1
and CQ > CD

1
Ex6cm =3 am ...(D)

In right AOPA, we have
OP2 + AP? = OA?

=  (x cm)? + (4 cm)? = (5 cm)? [using (1)]
= 2=(25-16)=9
= x=3 ..(2)
In right AOQC, we have

0Q? + CQ?% = OC?
=  (yam)’ + (4 cm)? = (5 cm)? [using (1)]



11.

12.

= ¥=(25-9)=16
= y=4 ...(3)
Adding (2) and (3), we get
PQ=xcm+ycm
=3m+4cm=7cm
Hence, PQ=7 cm.

Since AB || CD, OP L AB and OQ L CD, therefore OQ
and OP are in the same line i.e. O, A B

Q, P are collinear points. c Q D
We know that the perpendicular from

the centre of a circle to a chord bisects
it.

AP = 1AB = 1><6cm:3cm
2 2

1

1
and CQ = ECD = EXS cm =4 cm (1)

In right A APO, we have

AP? + OP? = OA?
= (3 cm)?+ (4 cm)? = OA?
= OA? = 25 cm?
= OA =5 cm.
In right ACQO, we have

CQ? + OQ? = OC?

= (4 cm)? + OQ? = (5 cm)?
[*- OC = OA =5 cm radii of a circle]
= 0OQ? = (25 - 16) cm?

=9cm?=0Q =3cm
Hence, the distance of the longer chord from the centre
is 3 cm.
Since AB || CD, OQ L CD and A B

OP L AB, therefore OP and OQ are c D
in the same line i.e., O, P and Q are
collinear points.

PQ =3
Let 0OQ =x cm.
Then OP = (x + 3) cm. Let r cm be the radius of the circle.
Then OB = OD = r cm.
Since, a perpendicular from the centre of a circle to the
chord bisects it.

(given).

[y

PB= —AB = %xScm

= N0 N

and Qb= -CD

N[— N

= —x1lem = %cm ...(D)
In right A OQD, we have,
0Q? + QD? = OD?[By Pythagoras’ Theorem]

1Y ,
= (x cm)? + (? cm) = OD? [Using (1)]

13.

121
= X2 + T = 7"2 .. (2)
In right A OPB, we have,

OP? + PB? = OB?[By Pythagoras’ Theorem]

5 2
= [(x +3) cm]* + (E cm)

= OB? [By Pythagoras’ Theorem
and using (1)]

25
= (x + 3y + ”y =12 (3
From (2) and (3), we get,

x2+E =x2+6x+9+§
4 4

121 25
= ~ % 4
121-25-36
= X = f
= 6x =15
5
= X = E

5
Substituting x = > in equation (2), we get

(5)2 121
il + :r2
2 4

146

= _p
= 4

\ 146
= =
2
< 146

Hence, the radius = — cm

Here, OP = 10 cm, O'P = 8 cm and PQ = 12 cm.
P
(e}

Join OQ and O'Q.
In AOPO’ and AOQQO’, we have
OP = 0Q [= 10 cm],
oPr=0Q [= 8 cm],
00’ = 00O [common]
o AOPO’ = AOQO'"  [By SSS congruence]
= /POO’ = ZQ00' [By CPCT]
= /POL = Z/QOL (1)
In AOPL and AOQL, we have
OP = 0Q [radii of a circle],
/POL = ZQOL [from (1)],
OL = OL [common]
i AOPL = AOQL  [By SAS congruence]
- PL = QL
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14.

15.

and Z0OLP = Z0OLQ [CPCT] ...2)
Also ZOLP + Z0OLQ = 180° ...(3)
: Z0LP = Z0LQ
=90° [using (2) and (3)] ...(4)
OQ' is the perpendicular bisector of PQ.
[using (2) and (4)]

1
= PL=QL= _PQ

X12cm=6cm .

N |~

In right AOLP, we have
OL? + PL? = OP? [By Pythagoras Theorem]

= OL? + (6 cm)? = (10 cm)?

= OL2 = (100 — 36) cm?
= 64 cm?

= OL =8 cm

In right A O'LP, we have
O'L? + PL? = O'P?[By Pythagoras Theorem]

= O'L? + (6 cm)? = (8 cm)?
= O'L? = (64 — 36) cm? = 28 cm?
= O'L = 529 cm (approx)

Now, OO’ = OL + LO’ = 8 cm + 5.29 cm = 13.29 cm.

Let AB the chord of a circle of radius
5 c¢m, at a distance of 3 cm from the
centre O.

Draw OP L AB. Then, OP = 3 cm,
Radius OA =5cm
= Diameter AOC = 10 cm. BC is joined.
In right AOPA, we have
AP? + OP? = OA?[By Pythagoras Theorem]

= AP? + (3 cm)? = (5 cm)?
= AP?>=(25-9) cm? = 16 cm?
= AP =4 cm.

Since a perpendicular from the centre of the circle to the
chord bisects it,

P is the mid-point of AB.
1

AP = — AB
= 2
1
= 4cm= - AB
2
= AB =8 cm.
Now, ZABC = 90° [Angle in a semicircle]

In right A ABC, we have,
AB? + BC? = AC? [By Pythagoras Theorem]

= (8 cm)? + BC? = (10 cm)?
= BC? = (100 - 64) cm? = 36 cm?
= BC = 6 cm.

Join XO, O’X, OY and Q'Y and let O'O intersect XY at M.
Let O'M produced or O'M meet PQ at N.

AOXO' = AOYO'  [By SSS congruence]

o
Y

= ZX00' = £LYOO' [CPCT]
= ZXOM = ZYOM [Same angles]

AXOM = AYOM [By SAS congruence]
= XM = MY [CPCT]

= M is the mid-point of XY

OM L XY [Line joining the centre to the mid-point M
of the chord is perpendicular to the chord]

o
y

= ZXMO = ZXMN = 90 (1)

PQ || XY [Given]

/PNM + /XMN = 180°  [Coint, Zs, PQ || XY]

= ZPNM = 90° [Using (1)]
ON L PQ

N is mid-point of PQ [Perpendicular from the centre
to the chord bisects it]

Hence, O'O produced or OO’ bisects PQ.

EXERCISE 10B

AOMP and AONP, we have C

ZOMP = ZONP [= 90°]

. Draw OM L AB and ON L CD. In

Z0OPM = ZOPN
[PO bisects ZAPD] and b
OP = OP.

AOMP = AONP [By AAS congruence]
= OM = ON [CPCT]
Hence, AB = CD. [Chords of a circle which

are equidistant from the centre are equal]

AB =CD [Given]

C
D
A ‘F' B
= OH = OG [Equal chords are equidistant

from the centre]
Also, OE = OF [Radii of a circle]
. OE - OH = OF - OG

= HE = GF

. Draw OL 1. AB and OM 1L CD.

In AOLP and AOMP, we have



=> P
%
C

Z0OLP = ZOMP [Each is 90°]
Z0OPL = ZOPM [+ ZOPA = £OPC, given]

OP = OP [Common]

AOLP = AOMP [By AAS congruence]

= OL = OM [CPCT]
= AB = CD [Chords equidistant from the centre

of a circle are equal in length]
Hence, AB = CD.

. Chords AB and AC are equidistant from the centre O.
[Given]

We know that the chords equidistant from the centre of
a circle are equal in length.

S AB =CD ..(1)
Diameter AOD passes through A. BD and CD are joined.
ZABD = ZACD = 90° [Angle in a semicircle is 90°]
In right AABD and right AACD, we have

AB =CD [From (1)]
and AD = AD [Common]
o AABD = AACD [By RHS congruence]
= /1 =2/2and £3 = /4 [CPCT]
Hence, AD bisects ZBAC and ZBDC.

B

. ,‘ :

C
Alternative method:
Draw OP L AB and OQ 1 AC.
Prove AAPO = AAQO [By RHS congruence]
= L1 =22 [CPCT congruence]
Prove AABD = AACD  [By SAS congruence]
= /3 =/4 [CPCT]

AB =CD [Given]

= OM = ON [Equal chords are equidistant

from the centre]

Also OP = 0Q
. OP -OM = OQ - ON

[Radii of a circle]

= PM = QN (1)
In right triangles PMB and QNC, we have
PM = QN [From (1)]
1 1
BM = CN ['.‘AB=CD:>EAB=ECD
= BM = CN]
ZPMB = ZQNC [Each is 90°]
APMB = AQNC [SAS congruence]
= PB = QC [CPCT]
. Let r be the radius of the circumcircle. A

In an equilateral A the circumcentre,
centroid and orthocentre coincide.
O the circumcentre of AABC is also

its centroid and its orthocentre. O is the
centroid of AABC and AQOP is its median.

= AO:0OP=2:1 [Centroid divides the medians
in the ratio 2 : 1]

C

AO 2
- oP 1
r
= 5=2

O is also the orthocentre of AABC and AOP is an altitude
of AABC.

= AP 1 BC
= ZAPC = 90°
= Z0OPC = 90°

In right AOPC, we have
OP? + PC? = OC? [By Pythagoras Theorem]

2 2
r BC
—| +| = =
- (2) ( 2 ) .
[AP is the median of AABC = PC = %BC]

r2 (12 )2
= —+ ?cm =7

1 [+ side of the equilateral

Ais 12 cm]
, 2
36 cm? = 17 ——
= cm 1
2
36 cm? = —
= cm 1
36 x4
= = em? = 48 cm?
= r=+48cm = 43 cm

Hence, the radius of a circle which circumscribes an
equilateral triangle of side 12 cm is equal to 443 cm.

. Let chord AB > chord CD. Join OA and OC.

Draw OL L AB and OM L CD.
1 1
AL = EAB and CM = ECD

In right AOLA and right AOMC, we have
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10.

. Mis a point within a circle. ABis a chord

D
1 B
A
OA? = OL2 + AL2
and OC? = OM? + CM? [Pythagoras Theorem]
= OL?2 + AL2=OM? + CM? [+ OA =0C] ... (2
1 1

Now AB>CD:>EAB>ECD
= AL >CM = AL?>CM?
= AL? + OL2 > CM2 + OL2

[Adding OL? to both sides]
= OM? + CM? > CM2 + OL2 [Using (2)]
= OM? > O1.2
= OM > OL
= OL < OM
Hence, chord AB is nearer to the centre than chord CD.
Diameter is nearer to the centre than any D
other chord CD. We know that of any B
two chords of a circle, the one which is
nearer to the centre is longer.
= AB > CD A ‘
So, AB is longer than every other chord. c

Hence, a diameter is the longest chord
in the circle.

with mid-point M and CD is another
chord through M. Join OM and draw
ON L CD.

In right AONM, OM is the hypotenuse.
ON < OM
= Chord CD is nearer to O than chord AB.

Of any two chords of a circle, the one near to the centre
is longer.

CD > AB. Hence, AB < CD.

Thus, of all chords through M, the shortest is the one
which is bisected at M.

Draw AC L PQ and BD L RS.

In AACM and ABDM, we have

ZACM = /BDM [= 90°]
ZCMA = /DMB [Ver. opp. Zs]
and AM = BM
AACM = ABDM [By AAS congruence]
AC =BD [CPCT]

Chords of congruent circles that are equidistant from
centres are equal.

PQ = RS

EXERCISE 10C

Since the angle subtended by an arc of a circle at the
centre is double the angle subtended by it at any point
on the remaining part of the circle, therefore

o

(i) 2x =115° = x = = 57.5°

>

(i) 2x =40° = x =

(iii) 2x = 80° = «x =

(iv) ZBOC =2 ZBAC = /BOC =2 x 50° = 100°
A

A

g A c
In AOBC, we have
OB = OC [radii of a circle]
Z0CB = ZOBC = x [/’s opposite sides of AOBC]

x + x + ZBOC = 180° [sum of Z’s of a A]
= 2x+100°=180° = 2x =80° = x = 40°.

) ZAOC =2 ZABC
= 130° =2 ZABC
= Z/ABC = 65°
/DBC = 90° [angles is a semicircle]



= x + ZABC =90°
= X+ 65°=90° = x=90°-65°=25°
(vi) Z0OAB = ZOBA

A
@\ C
&)
%
B
=30° [Angles opp equal sides of AOAB]
Z0OAC = ZOCA
=50° [Angles opp equal sides of AOAC]
Extend AO to any point D.
Then, ZBOD =2 ZOAB =2 x 30° = 60°
and ZCOD =2 ZOAC =2 x 50° = 100°
x = ZBOC = ZBOD + ZCOD
= 60° + 100° = 160°.
(vii) Ref ZBOC =2 ZBAC = 2 x 100° = 200°

£BOC = 360° — ref ZBOC
[Sum of angles about a point is 360°]

= ZBOC = 360° — 200° = 160°
OB = OC
Z0CB = ZOBC

Wiy

[radii of a circle]

[Angles opp. equal sides
of AOBC]

In AOBC, we have, x + x + ZBOC = 180°
[Sum of angles of triangle]
=  2x + 160° = 180°
= 2x = 20°
= x = 10°
(viii) Join OP.
OR = OP
ZOPR = ZORP
= 35° [angles opp. equal sides of APOR]
R

LA

= Q

[Radii of a circle]

2/0PR = x
= 2 x35°=x
= x = 70°.

(ix) In AABC, we have

ZABC + £ZBCA + ZCAB

=180° [Sum of angles of a triangle]
= 70°+ 30° + ZCAB = 180°
= ZCAB = 180° — 100° = 80°

x = ZCAB [ang]es in the same segment]
= x = 80°.
x) ZCAD = ZCBD

=40° [angles in the same segment]

In ZADC, we have

A D
l x
B} C

ZCAD + ZACD + ZCDA
= 180° [Sum of angles of a triang]le]
= 40° + 70° + x = 180°
= x =180° - 110° = x = 70°.
(xi) ZCBD = ZCAD
= 35° [Angles in the same segment]
In ABCD, we have

ZCBD + #BDC + «DCB
= 180° [Sum of angles of triangle]

= 35° +40° + x = 180°

= x = 180° - 75°

= x = 105°.

(xii) ZABD = ZACD = 30° [Angles in the same segment]
Considering AABP whose side AP is extended to C,
we get

ZABP + ZBAP = ZCPB

[Ext Z= Sum of the opposite /’s]
=  Z/ABD + ZBAC = ZCPB
= 30° + x = 100°

B
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2.

= x = 100° — 30°
= x = 70°.
(i) ZADB = 90° [Angle in a semicircle]

In AADB, we have

ZN\
9

Cc

ZBAD + ZADB + ZABD
= 180° [Sum of angles of a triangle]
= 40° + 90° + ZABD = 180°
= ZABD = 180° - 130°
= ZABD = 50°
ZACD = ZABD [Angles in the same segment]
= x = 50°.
(ii) Join PA.
/PAB = /PQB
= /PAB=x ...(1)

In AAPB, we have

\
Q

[Angles in the same segment]

)
8%

/PAB + ZABP + ZAPB
=180° [Sum of angles of a triangle]
= x + 30° + LZAPB = 180° [Using (1)]

= x +30° +90° = 180° [ZAPB = 90°, angle
in a semicircle]

= x = 180° - 120°

= x = 60°.

(iii) In APBN, we have

Z/BPN + /PNB + /PBN

= 180° [Sum of angles of a triangle]
= 50° + 20° + ZPBN = 180°
= ZPBN = 180° - 70° = 110°

Z/MBN = ZMAN  [Angles in the

same segment]

3. In AOAB, we have OA = OB

= ZPBN = Z/ZMAN = x
= 110° =x = x=110°
Ref. ZMON =2x =y =2 x 110° = y = 220°.
(iv) ZEAD = ZEBC =52°  [Correspoing /’s, AD || BC]

ZECD = ZEAD [Angles in the same segment]

= y = 52°
x=y [Alternate ~’s EAB || DC]
= x =52°

z=2y=2xD52°
= 104° [Angle subtended by an arc of a
circle at the centre is double the angle
subtended by it on the remaining
part of the circle]

Hence, x = 52°, y = 52°, z = 104°.

[Radii of a circle]

Z0OBA = ZOAB [Angles opp. equal sides
of AOAB] ()

In AOAB, we have

Z0BA + ZOAB + ZAOB
=180° [Sum of angles of a triangle]

= 2/0AB + 80° = 180° [Using (1)]
= 2/0AB = 100°
= ZOAB = 50°
In AOAC, we have
OC = 0A [Radii of a circle]
Z0OAC = ZOCA  [Angles opposite equal

sides of AOAC] ... (2)
In AOAC, we have
ZOCA + ZOAC + ZAOC = 180° [Sum of angles of a

triangle]
= 2Z0AC + 120° = 180° [Using (2)]
= 2/0AC = 60°
= ZOAC = 30°
Now, ZBAC = ZOAB + ZOAC

= 50° + 30° = 80°
Degree measure of arc BPC
=m (£BOC) = 2£BAC
=2 x 80° = 160°.



[Angle subtended by an arc of a circle at the centre is
twice the angle subtended by it on the remaining part of
the circle]

. £BDC = ZBEC

Since the angle subtended by an arc of a circle at the centre
is twice the angle subtended by it on the remaining part

of the circle
£
O
A

[Angles in the same segment]

/BDC = /BEC = g
ZADP + #BDC = 180° [Linear pair]
N ZADP + % - 180°
- ZADP = 180° — g
Similarly, ZAEP = 180° —g
Also, /DPE = ZBPC =y [Ver. opp. £'s]

Now, in quad ADPE, we have
/DAE + ZADP + /DPE + ZAEP
= 360°[Sum of angles of a quad]
£ Z
= Lx+ (180° —72) + Ly + (180° —TZ) = 360°

= Ix+Ly=2Lz

ZCBA = ZCDA [Angles in the same segment]
= /CBE = Z/EDA (1)
D
B
C
A
ZBCD = ZBAD [Angles in the same segment]

= /BCE = ZEAD ...(2)
Also, /BEC = Z/DEA [Ver. opp. £’s] ...(3)

From (1), (2) and (3), we conclude the ACBE and AADE
are equiangular.

Hence, AADE and ACBE are equiangular.

. Since the angle subtended by an arc at the centre is twice
the angle subtended by it on the remaining part of the
circle,

ZXPY =2/XZY .1

and LYPZ =2 LYXZ ...(2)

Adding (1) and (2), we get

IXPY + LYPZ =2 /XZY + 2LYXZ
= ZXPZ = 2(LXZY + £LYXZ)
Hence, LXPZ = 2(LXZY + LYXZ).

. Let ACB be an angle in a minor segment of circle with

centre O.

Z/ACB = — reflex ZAOB

But reflex ZAOB > 180°
1
Z/ACB > 5 x180°

= ZACB > 90°
= <ZACB is obtuse.

. Let ZPQA =x

Then ZQAB = x [Alt. Zs, PQ || AB]
ie. /MAO = x ..(D)
ZPOA = 2/PQA

= 2x [Angle subtended by an arc

at the centre is twice the

angle subtended by it on the

remaining part of the circle]

ie. ZMOA = 2x ...(2)
Ext Z= Sum of the /s

- Ext. ZAMP = ZMAO + ZMOA = x + 2x = 3x =3 /MAO.

. In ARDQ, RD = RQ
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1 =22 [£s opposite equal sides of a A] ...(1)
/3 =22 [Ver. Opp. Zs] ...(2)
Z4 = /1 [Angles in the same segment] ...(3)
From (1), (2) and (3), we get
Z4 = /3
= PD=PS [Sides opposite equal angles of APDS]
Also /1 = Z£5 [Angles opposite equal sides

of APQR] ...(4)
£3 + Z4 + ZSPD = 180° [Sum of Zs of a APSD]
/1 + /5 + ZQPR = 180° [Sum of Zs of APQR]
L3+ /4 + /SPD = /1 + /5 + ZQPR
= 2(/1) + £SPD = 2(/1) + ZQPR
[Using (1), (2), (3) and (4)]
= Z/SPD = ZQPR
= Z/SPQ = ZQPR
Hence, PQ bisects ZRPS.
(i) Join OC.

B v C
In ABOD and ACOD, we have
OB = 0OC
OD = 0D
ABOD = ACOD
= «/BOD = £COD
= /BOC = ZBOD + ZCOD
= /BOC =2/BOD [Using (1)] ... (2)

Since the angle subtended by an arc at the centre is
twice the angle subtended by it at any other point on
the remaining part of the circle,

/BOC = 2/BAC
= 2/BOD = 2/BAC [using (2)]
= /BOD = ZA
(ii) Let ZACB = x, then, ZAOB = 2x.

[Radii of a circle]
[Common]

[By RHS congruence]
[CPCT] ...(1)

[ Angle subtended by an arc at the centre is twice the
angle subtended by it at any point on the remaining
part of the circle.]

In AADC, we have
ZADC + ZACD + ZCAD
= 180° [Sum of angles of a triangle]

= 90° +x + ZCAD
=180° [+ LACD is same as ZACB = x]
= /CAD=90° - x (1)
In ZOAB, we have
Z/BAO + ZABO + ZAOB
= 180° [Sum of angles of a triangle]

= 2/BAO + 2x = 180° [*- ZBAO = ZABO, angles
opposite equal sides OA and
OB of AOAB]

= 2/BAO = 180° — 2x
= Z/BAO=90°-«x ...(2)
From (1) and (2) we get
/BAO = ZCAD
(iii) Let BOP intersect the circle at R.

Join AR.

Z/CBR = ZCAR [Angles in the same

segment] ...(1)
Also ZCBP = ZAPB [Alt. angles AP parallel BC]
- ZCBR = ZAPB .2
= ZCAR = ZAPB [Using (1) and (2)] ...(3)
Now, ZBAR = 90°[Angles in a semicircle]
= /BAC + ZCAR = 90°

= /BAC + ZAPB = 90° [Using (3)]
(iv) Join OA, OB and OC.
Ref Z/AOB =2/1 ()
Ref Z/AOC =22 .2)
Ref #/BOC =2./3 ...(3)
A
5 / \
2Ny
B C

[Angle subtended by an arc at the centre of the circle
is twice the angle subtended by it at any other point
on the remaining part of the circle]

Adding (1), (2) and (3), we get
Ref ZAOB + Ref ZAOC + Ref ZBOC
=2/1+242+2/3
= («£BOC + ZAOC) + (£ZAOB + £ZBOC)
+ (LAOC + ZAOB) = 2(/1 + £2 + Z3)
= 2(ZLAOB + ZBOC + ZAOC) = 2(£1 + £2 + £3)
= ZAOB + £ZBOC + ZAOC = Z£1 + £2 + £3



= 360°=/1+ 22+ 43 [Sum of angles about a

point is 360°]
= ZADB + ZBFC + ZAEC
= 360° = 4 x 90° = right angles.
Hence, the angles in the three segments exterior of
AABC are together equal to 4 right angles.
) Z1 =22 [AE bisects ZBAC]

(N >

b

AN

E

Z1=2/3 [Angles in the same segment]
22 = /3 (D)

Now, considering ACAD whose side AD is produced
to B.

/CDE = /2 + /4 [Exterior £= Sum of interior
opposite angles]

= JZCDE = /22 + /4 ...(2)
Also ZACE = /3 + /4
= ZLACE=/22+ /4
Hence, ZACE = ZCDE
11. ZSPR = ZSQR = x (say)

[Using (1)] ...(3)
[Using (2) and (3)]
[Angles in the same
segment] ...(1)

U

S]

[Angles in the same
segment] ...(2)

ZPQS = £PRS =y (say)

ZQPR = Z/PRS =y [Alternative angles,
QP parallel RS] ...(3)
[Using (1) and (3)]
...(4)

ZPQR = ZPQS + ZSQR =y + x [Using (2) and (1)]
...(5)

[Using (4) and (5)]

ZSPQ = £SPR + ZQPR =x +y

= ZSPQ = ZPQR
In APQR and AQPS, we have
/PQR = ZQPS
PQ = QP
ZQPR = ZPQS [+ ZQPR = ZQSR, angles in the

same segment and ZQSR = ZPQS,
alternative angles QP || RS]

[Prove in (1)]

[Common]

APQR = AQPS [By ASA congruence]

= OR =PS [CPCT]

12. Ll =22 [Alternate angles, PQ || SR]
£2=/3 [Ver. opp. angles]

= /=23 (1)

/4 = /5 [Angles in the same segment] ...(2)

Adding (1) and (2), we get
L1+ 24 =23+ 45
= /PQR = /SAB + ZASB
13. ZACB = 90°
In AACB, we have

[Angle in a semicircle]

A B
ZCAB + ZACB + ZABC = 180° [Sum of angles of a
triangle]
= 30° + 90° + ZABC = 180°
= ZABC = 180° — 30° — 90°
= ZABC = 60°
Hence, m(ZACB) = 90° and m(ZABC) = 60°

14. Join AD and BC.
Z/ABC = ZCDA = 90°
In AABC and ACDA, we have

[Angle in a semicircle]

/BAC = Z/DCA [Alternate angles, AB || DC]

ZABC = ZCDA [Each is 90°]

AC =CA [Common]

AABC = ACDA [By AAS congruence]

= AB =CD [CPCT]

15. Suppose a circle is drawn on AB as diameter and it cuts
the base at D.
A

N\

B D C
Join AD. Z/ADB = 90° [Angle in a semicircle]
ZADB + ZADC = 180° [Linear para]
= /ADC = 180° — ZADB

= 180° - 90° = 90°

| sepad
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In right AADB and right AADC, we have

AD = AD [Common]
and AB = AC
o AADB = AADC [By RHS congruence]
= DB = DC [CPCT]
16. Join SQ and PT.
ZSPQ = 90°
SOQ is a diameter. [Angle in a semicircle is 90°.]
Z/PRT = 90°

POT is a diameter. [Angle in a semicircle is 90°.]
In APOQ and ASOT, we have

P
AN\

SN _PR

T
OP = OS [Radii of a circle],
L1=212 [Ver. opp. angles],
0Q =0T [Radii of a circle]
o APOQ = ASOT  [By SAS congruence]
= PQ =ST [CPCT]
17. ZPQA =90°
and /PQB = 90° [Angles in semicircles]
In right APQA and right APQB, we have
P
A X B
Q
PQ =PQ [Common]
and PA =PB [Diameters of congruent circles]
APQA = APQB [By RHS congruence]
- ZAPQ = /BPQ [CPCT]
18. x + ZBDC = 180° [Linear pair]
= /BDC = 180° — x
= ZBDC = 180° - 150° [x = 150°, given]
= Z/BDC = 30° (1)
ZBAC = 30° [Given]
and /BDC = 30° [From (1)]

= BC subtends equal angles at points A
and D which are on the same side of it.

We know that if a line segment joining
two points subtends equal angles at two
other points on the same side of the line
containing the line segment, the four points
lie on a circle.

Points A, B, C and D are concyclic.

19.

20.

In AADC and ABCD, we have

AD = BC [Given]

ZADC = ZBCD [Given]

DC =CD [Common]

o AADC = ABCD  [By SAS congruence]
= /DAC = ZCBD [CPCT]
= DC subtends equal anglesat  p B

points A and B which are on the
same side of it.

We know that if a line segment

joining two points subtends equal

angles at two other points on the D C
same side of the line containing

the line segment, the four points lie on a circle.

Hence, points A, B, C, D are concyclic.

Join BQ.

1 =22 [Alternate angles, PA || DE] ...(1)
L1 =/3 [Angles in same segment] ...(2)
£2=/3 [Using (1) and (2)]

P

1 B (2
A c & D
E
Q

= BE subtends equal angles at points Q and D which
are on the same side of it.

We know that of a line segment joining two points subtends
equal angles at two other points on the same side of the
line containing the line segment, the four points lie on a
circle.

Points B, E, Q and D are concyclic.

EXERCISE 10D

. Let one of the angles of a cyclic quadrilateral be x, such

that its opposite angle is 2x.

Since the opposite angles of a cyclic quadrilateral are
supplementary

x + 2x = 180°
= 3x = 180°
= x = 60°

Larger angle = 2x = 2 x 60° = 120°

. ZDAB + £ZDCB = 180° [Opposite angles of a cyclic quad-

rilateral are supplementary]




= Z/DAB + 100° = 180°
= ZDAB = 80° .1
In ADAB, we have

ZADB + ZDAB + ZABD = 180° [Sum of angles of a

triangle]
= ZADB + 80° + 70° = 180° [Using (1)]
ZADB = 180° - 80° - 70°
=30°

Hence, ZADB = 30°.

. Since the angle subtended by the arc D
of a circle at the centre is twice the

angle subtended by it at any point

on the remaining part of the circle,

ZAOC = 2/ADC
= 100° = 2/ADC
=  ZADC = 50° Q) B

Since the opposite angles of a cyclic quadrilateral are
supplementary,

ZADC + ZABC = 180°

U

= 50° + ZABC = 180° [Using (1)]
= ZABC = 130°
Hence, Z/ADC = 50° and ZABC = 130°.

. Since the opposite angles of a cyclic quadrilateral are
supplementary,

. ZA + ZC =180°
and /B + «£D = 180°
= (2x +4)° + (4y — 4)° = 180°
= (x + 10)° + 5y + 5)° = 180°

= 2x + 4y = 180
and x + 5y =180 - 15.
= x+2y =90 ...(1)
and x + 5y = 165 ...(2)
Subtracting (1) from (2), we get
3y =75

= y=25
Substituting y = 25 in (1), we get

x+2x25=90
= x =90-150
= x =40

ZA = (2x +4)° = (2 x 40 + 4)° = 84°

/B = (x + 10)° = (40 + 10)° = 50°

ZC = (dy - 4)° = (4 x 25 — 4)° = 96°

/D = (5y + 5)° = (5 x 25 + 5)° = 130°

8. Z/BDC = ZBAC

Hence, x =40,y =25, /A = 84°, /B = 50°,
ZC =96°, /D = 130°.

(i) Since the opposite angles of a cyclic quadrilateral are
supplementary and ABCE is a cyclic quadrilateral,

ZABC + ZAEC = 180°
=  ZABC + 110° = 180°

= ZABC = 70° (1)

(ii) ZADC = ZABC [Angles in the same
segment]

= ZADC = 70° [Using (1)]

Hence, (i) ZABC = 70° (ii) ZADC = 70°.

. Since the angle subtended by the arc A

of a circle at the centre is twice the S
angle subtended by it at any point D
on the remaining part of the circle, B I

: ZBOD = 2/BCD
= 150° = 2/BCD

= /BCD = 75° (1) ¢

Since the opposite angles of a cyclic
quadrilateral are supplementary.

ZBAD + #BCD = 180°

= Z/BAD + 75° = 180° [Using (1)]
= ZBAD = 180° — 75° = 105°
Hence, /BCD = 75°, Z/BAD = 105°.

. Since the opposite angles of a cyclic quadrilateral are

supplementary,

ZCDA + ZABC = 180°

= 130° + ZABC = 180°
= ZABC = 50° ...(1)
ZACB = 90° [Angle in a semicircle]
...(2)
In AACB,

/BAC + ZACB + £ZABC = 180° [Sum of Zs of a A]
=  ZBAC +90° +50° = 180°  [Using (1) and (2)]
= ZBAC = 180° — 90° — 50° = 40°
Hence, m £BAC = 40°.

[Angles in the same segment]
= /BDC = 60° [- ZBAC = 60°, angle of an equilateral A]

a; | sepud
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10.

Since the opposite angles of a cyclic A
quadrilateral are supplementary and

ABEC is a cyclic quadrilateral, N
ZBAC + ZBEC = 180°
= 60° + ZBEC = 180°
= ZBEC = 120° ¢
Hence, Z/BDC = 60°, E
Z/BEC = 120°.

. ZPRQ = ZPQR [Angles opposite equal sides of APQR]

= ZPRQ = 30°

In APQR, we have
P
=S
G\,

[+ ZPQR = 30°, given]

/4

Q

*
ZQPR + ZPQR + ZPRQ = 180° [Sum of angles of a
triangle]

= ZQPR + 30° + 30° = 180°

= ZQPR = 180° - 30° - 30° = 120° ...(1)
m ZQSR = m ZQPR [Angles in the same

segment]
= m ZQSR = 120° [Using (1)] ...(2)

Since opposite angles of a cyclic quadrilateral are
supplementary and QSRT is a cyclic quadrilateral,

ZQSR + ZQTR = 180°

= 120° + ZQTR = 180° [Using (2)]
= ZQTR = 60°
Hence, m/QSR = 120°, m ZQTR = 60°.

Z/PRQ = 90°
In APRQ, we have

[Angle in a semicircle] ...(1)

ZPQR + ZPRQ + ZQPR = 180° [Sum of angles of a

triangle]
= 65° +90° + ZQPR = 180° [Using (1)]
= ZQPR = 180° - 90° - 65° = 25°  ...(2)

Since opposite angles of a cyclic quadrilateral are
supplementary and PSRQ is a cyclic quadrilateral,

/SPQ + /SRQ = 180°
= (/SPR + ZQPR) + (£PRS + /PRQ) = 180°
= (40° + 25°) + (£PRS + 90°) = 180°[Using (1) and (2)]
= ZPRS = 180° — 90° — 40 — 25° = 25°

ZPMQ = 90° [Angle in a semicircle] ...(3)

11.

12.

13.

In APMQ, we have
ZQPM + ZPMQ + ZPQM

=180° [Sum of angles of a triangle]
= ZQPM + 90° + 50° = 180° [Using (3)]
= ZQPM = 180° - 90° — 50° = 40°
Hence, ZQPR = 25°, Z/PRS = 25°, ZQPM = 40°.

Since the angle subtended by an arc
of a circle at the centre is double the
angle subtended by it at any point
on the remaining part of the circle,

m(BOD) =2 /BAD
=2 x 40° = 80°.
ZBOD = 80°

Since the opposite angles of a cyclic quadrilateral are
supplementary and ABCD is a cyclic quadrilateral,

ZBAD + ZBCD = 180°
= 40° + ZBCD = 180°
= ZBCD = 140°
Hence, ZBOD = 80°, Z/BCD = 140°.

Since an exterior angle of a cyclic
quadrilateral is equal to the interior
opposite angle and ABCD is a cyclic
quadrilateral,

L ZCDE = ZABC
= 70° = ZABC ...(1)

Z/ABF + ZABC = 180° [Linear pair]
= ZABF + 70° = 180° [Using (1)]
= ZABF = 180° - 70° = 110°
Hence, ZABF = 110°.

Since the opposite angles of a cyclic quadrilateral are
supplementary and ABCD is a cyclic quadrilateral.

ZA + £C =180°

A

D

1 1
—ZA+ —ZC =90°
= > > 90

= ZCAB + ZACB =90° [~ AC bisects both the
angles A and C] ...(1)
In AABC, we have
ZABC + (Z/CAB + ZACB)
=180° [Sum of angles of a triangle]

= ZABC + 90° = 180° [Using (1)]
= ZABC = 180° — 90° = 90°
Hence, ZABC = 90°.



14. Since the opposite angles of a cyclic quadrilateral are
supplementary and SPQR is a cyclic quadrilateral,

P

Y
Z/SPQ + ZSRQ = 180°
= %LSPQ + %LSRQ =90°
= ZSPY + ZXRS = 90° [+ PY and RX are bisectors

of ZP and ZR respectively]

But ZSPY = ZSRY [Angles in the same
segment]

ZSRY + ZXRS = 90°
= ZXRY = 90°.
15. Produce BP to Q such that PQ = PC. Join CQ.
A

1

B c
&%‘
3 1

Since an exterior angle of cyclic quadrilateral is equal to
interior opposite angle and ABPC is a cyclic quadrilateral,

/3 = /1 =60°
£3+ 24 + £5 =180
= 60° + 224 = 180° [- PQ=PC= z4=/15]
= Z4 = 60°
Also, £6 =60° [Angle of an equilateral triangle]
26 = /4

= £6 + £BCP = Z4 + ZBCP
[Adding ZBCP to both sides]

= ZACP = /BCQ ...(1)
In AACP and ABCQ, we have
(i) LACP = ZBCQ [From (1)]
(ii) ZCAP = ZCBP (or ZCBQ) [Angles in the same segment]
(iii) AC = BC
AACP = ABCQ
= PA =QB
= PA =PB + PQ
= PA =PB + PC [+ PQ = PC by construction]
Hence, PA = PB + PC.
16. Let ABCD be a cyclic quadrilateral.

Let P, Q, R and S are points in four segments interior to
quadrilateral ABCD.

[Sides of an equilateral triangle]
[By ASA congruence]
[By CPCT]

17.

18.

AP, PB, BQ, QC, CR, RD, DS
and SA are joined to form ZAPB,
/BQC, ZCRD and £DSA in the
four interior segments. Join SB and
SC.

Since the opposite angles of a cyclic
quadrilateral are supplementary,
we have

Z1 + £4 =180° [Opposite angles of cyclic
quad ASBP] ...(1)
Z2 + /5 =180° [Opposite angles of cyclic

quad BSCQ)] ...(2)

[Opposite angles of cyclic
quad SCRD] ...(3)

(L1 + 22 + £3) + (L4 + £5 + £6)
= 540° [Adding (1), (2) and (3)]
= S+ /P + £Q + 4R
=6 x 90° = 6 right angles.

and Z3 + £6 = 180°

Since the opposite angles of a cyclic quadrilateral are
supplementary and concyclic points A, P, B, Q form a
cyclic quadrilateral APBQ,

ZQAP + ZQBP = 180° (1)

c —F
' P S
\\
Q
Since the angle subtended by an arc of a circle at the

centre is double the angle subtended by it at any point
on the remaining part of the circle.

ZQAP = 2,/QCP and ZQBP = 2/QDP
. ZQAP + ZQBP =2 (£QCP + ZQDP)

= 180° = 2(£QCP + £QDP) [Using (1)]
= 90° = ZQCP + ZQDP
- 90° = 2QCD + 2QDC (2)

In ACQD, (£QCD + £QDC) + £CQD = 180°

= 90° + ZCQD = 180°

= ZCQD = 90°

Since an exterior angle of a cyclic quadrilateral is equal to

interior opposite angle and ABCD is a cyclic quadrilateral,
D

[Using (2)]

A B E

o Z/CBE = ZADC (= ZADE) ...(1)
and /BCE = Z/DAB (= £/DAE)
In AEBC and AEDA, we have
(i) ZCEB = ZAED
(ii) ZCBE = ZADE
(iii) #BCE = ZDAE
Hence, AEBC and AEDA are equiangular.

[Each is equal to angle E]
[From (1)]
[From (1)]

a | sepud
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19.

20.

21.

AB = AC
= /1 =22

[Given]
[Angles opposite equal sides
of AABC] ...(1)

XY || BC [Given]
2 + /3 =180° [Cont. angles] ...(2)
From (1) and (2), we get
Z1 + /3 =180° ...(3)
A
X Y
B C

But £1 and £3 are opposite angles of quadrilateral BCYX.
...(4)
We know that if the opposite angles of a quadrilateral are
supplementary then it is a cyclic quadrilateral.
BCYX is a cyclic quadrilateral. [Using (3) and (4)]

Since an exterior angle of a cyclic quadrilateral is equal to
interior opposite angle and ABPD is a cyclic quadrilateral.

/x=Za ...(1)

Zy = 2Zb  [Angles in the same segment] ...(2)

Zx =2y [Given] ...(3)
From (1), (2) and (3), we get

Za = /b.

Since an exterior angle of a cyclic quadrilateral is equal
to the interior opposite angle and BCDE is a cyclic
quadrilateral,

L1 =22
/3 =/4 [Angles in the same segment]
£2=/3 [BE is the bisector of ZABC]
/1 =/4

= DE bisects ZADF.

22. Since the opposite angles of a cyclic quadrilateral are

supplementary and ABED is a cyclic quadrilateral,

23.

24,

/1 + 22 = 180° (1)

Also, exterior angle of a cyclic quadrilateral is equal to the
interior opposite angle and BCFE is a cyclic quadrilateral.

£2=/3 ...(2)

/1 + £3 = 180°. [Using (1) and (2)]

But £1 and £3 are cointerior angles formed when AD and

CF are cut by a transversal AC at A and C respectively.
. AD || CF.

Since the sum of all the angles on the same side of a line
at a given point is 180°,

o ZPST + ZPSQ + ZQSR = 180° ..(D)
/PST = /PSQ = ZQSR [Given] ...(2)

/PST = /PSQ = ZQSR
= 60°[Using (1) and (2)] ...(3)

Since an exterior angle of a cyclic quadrilateral is equal to
the interior opposite angle and PORS is a cyclic quadrilateral,

/PST = ZPQR
= 60° = ZPQR [Using (3)] ...(4)
ZQSR = ZQPR [Angles in the same segment]
= 60°= ZQPR [Using (3)] ...(5)
/PSQ = ZPRQ [Angles in the same segment]
= 60° = /PRQ [Using (3)] ...(6)

From (4), (5) and (6), we conclude that APQR is a triangle
in which each angle 60°.

Hence, APQR is an equilateral triangle.

Since the exterior angle of a cyclic quadrilateral is equal
to the interior opposite angle and ADBC is a cyclic
quadrilateral,

o £1 = £2 =y (say) ..(1)
In ACEB, we have

BC = CE

/3=/4=x ...(2)

y+x+x=180° [Sum of angles of a triangle]

y+x+x=180° [Using (1) and (2)]
y + 2x = 180°

20 =180° -y

LU



25.

26.

180° —
N x=— Y )
In AADB, we have
AD =BD [Given]
£5 = £6 = z (say) ...(4)

In AADB, we have
/2 + /5 + £6 = 180°
= y+z+z=180°

[Sum of angles of a triangle]
[Using (1) and (4)]

= y + 2z = 180°
= 2z =180° -y

180° —
N - Ty ...(5)
From (3) and (5), we get

z=x

= /6 =/3
= ZABD = ZCBE
Hence, ZABD = ZCBE.

Since the opposite angles of a cyclic quadrilateral are
supplementary, we have

H G
INEAS

/1 + £2 = 180° [Opposite angles of cyclic
quadrilateral ABEH]

= /2 = (180° - £1) ...(1)
/3 + Z4 = 180° [Opposite angles of cyclic
quadrilateral CBEG]
= /4 = (180° - £3) ...(3)
2 + /4 = 180° [Linear pair]
= (180° - £1) + (180° — £3)
= 180° [Using (1) and (2)]
= 360° — £1 — £3 = 180°
= 360° — 180° = £1 + £3
= 180° = ZAHE + ZEGC

Hence, ZAHE and ZEGC are supplementary.
52 = 4% + 37
ZDAB = 90° [By the converse of Pythago-
ras” Theorem]

Also, Z/DCB = 90° [Given]
ZDAB + ZDCB = 180° (D)

But ZDABand Z/DCBareoppositeangles o 3cm g
of quadrilateral ABCD. .2 o
We know that of opposite angles of a £ %
quadrilateral are supplementary, then = 9
it is a cyclic quad.

ABCD is a cyclic quadrilateral. g c

[Using (1) and (2)]

27.

28.

29.

= Points A, B, C and D are concyclic i.e. they lie on a
circle.

/DAC = Z/DBC [Angles in the same segment]
#/DCB + #DCE = 180° P
[Linear pair] . D
= #DCB + 130° = 180° A
= ZDCB = 180° - 130° 130°
= Z/DCB = 50° B C E

(i) When x = 40°, then exterior ZPAD (= 40°) # interior
opposite ZDCB (= 50°).
= ABCD is not a cyclic quadrilateral.

Hence, points A, B, C and D are not concyclic.

(i) When x = 50°, then exterior ZPAD (= 50°) = interior
opposite ZDCB (= 50°). We know that when exterior
angle of a quadrilateral = interior opposite angle, then
it is a cyclic quadrilateral.

ABCD is a cyclic quadrilateral.
Hence, points A, B, C and D are concyclic.

Join PC and QC.

L1 =22

L3 =/4
L1+ /43=22+ /4
= LS5+ B8=1L2+ 24

and [Angles in the same segment]
[* AB = AC = /1 = /5]
(1)

By considering AACS whose side CS has been produced

to R, we get
/5 + /3 = Exterior angle RSA ...(2)
Also, /2 + 24 = ZQPR ...(3)
From (1), (2) and (3), we get
Z/RSA = ZQPR.

But ZRSA and ZQPR respectively are the exterior and
interior opposite angles of quadrilateral PQSR.

= PQSRis a cyclic quadrilateral.
= P, Q, S and R are concyclic points.

() ZACB = 90° [Angle in a semicircle] ...(1)

ZAPQ = 90° [Given]
= «BPQ =90°[' ZAPQ and ZBPQ are same angles
ie. /P]...(2)

C Q

AUB P

:." | sepud
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(i)

(iii)

From (1) and (2), we get,

ZACB = ZBPQ ...(3)
But ZACB and ZBPQ respectively are the exterior and
interior opposite angles of quadrilateral BCQP ...(4)

We know that if exterior angle of a quadrilateral =
interior opposite angle, then it is a cyclic quadrilateral.

Hence, BCQP is a cyclic quadrilateral.
[Using (3) and (4)]

We know that the line drawn through the centre of the
circle to bisect a chord is perpendicular to the chord.

/8 I\
|

B ZOBP = 90° (1)
and ZOAP = 90° .2
Adding (1) and (2), we get

ZOBP + ZOAP = 90° + 90°
= ZOBP + ZOAP = 180°
= ZOBP and ZOAP are supplementary angles ...(3)

But ZOBP and ZOAP are opposite angles of quadrilateral
OAPB. .(4)

OAPB is a cyclic quadrilateral. [From (3) and (4)]
= O, A, P and B are concyclic points.
Hence, O, A, P and B are concyclic points.

/PQR + ZRQC = 180° [Linear pair]

= %APQR + %ARQC =90°

= ZAQR + ZBQR = 90°
[- QA and QB are bisectors of Z/PQR
and ZRQC respectively]

= ZAQB = 90° (1)

Again, /PRQ + ZQRD = 180° [Linear pair]

= %APRQ + %AQRD =90°

= ZARQ + ZBRQ = 90°

[** RA and RB are the bisectors of
ZPRQ and QRD respectively]

= ZARB = 90° ...(2)
Adding (1) and (2), we get

ZAQB + ZARB = 90° + 90°
= ZAQB + ZARB = 180°

= ZAQB and ZARB are supplementary angles. ...(3)
But ZAQB and ZARB are opposite angles of quadrilateral
AQBR. ...(4)
We know that if the opposite angles of a quadrilateral
are supplementary, then it is a cyclic quadrilateral.

Hence, AQBR is a cyclic quadrilateral.
[Using (3) and (4)]

(iv) Produce DA to any point E.

E
//
/
A /
T B
D
Cc
In AADB, we have
AB = AD [Given]
ZADB = ZABD [Angles opposite equal sides
of AADB]
= /ADB=a#° (D)

Considering ABDA, whose side DA has been produced
to E.

We get, Exterior Z/BAE = ZABD + ZADB
[Exterior £= Sum of interior opposite angles]

= Exterior Z/BAE = a° + a° [Using (1)]
= Exterior Z/BAE = 24° ...(2)
Now in ADBC, we have

DB = DC [Given]

Z/DCB = ZDBC [Angles opposite equal
sides of ADBC]

= /DCB = 2a° ...(3)
From (2) and (3), we get

Ext. /ZBAE = /DCB ...(4)
But ZBAE and ZDCB are respectively the exterior
and interior opposite angles of quadrilateral.  ...(5)

Hence, ABCD is a cyclic quadrilateral.
[Using (4) and (5)]

(v) In AABC, BP bisects Z/B

Z1 = /2 = x (say) ...(1)

and CQ bisects ZC
/3 = /4 =y (say) ...(2)
In AABC, we have
/BAC + ZABC + ZACB = 180°



= 60° + (L1 + £2) + (£3 + £4) = 180°

= 60° + 2x + 2y = 180°

= 60° + 2(x + y) = 180°

= 2(x + y) = 180° — 60°
120°

= X+y= >

=

x+y=60° ..(3)
In ABIC, we have
£2 + /3 + Z/BIC = 180°

= (¥ +y)+ ZBIC = 180°
= 60° + ZBIC = 180° [Using (3)]
= ZBIC = 180° - 60°
= ZBIC = 120°
Hence, Z/BIC = 120°
ZQIP = £BIC [Ver. opp. angles]

= ZBIP = 120° ...(4)

In quadrilateral APIQ, we have
ZA + ZQIP = 60° + 120°

= 180°

= /A and ZQIP are supplementary angles ...(5)
But ZA and ZQIP are opposite angles of quadrilateral
APIQ. ...(6)
We know that if the opposite angles of a quadrilateral

are supplementary then it is a cyclic quadrilateral.

Hence, APIQ is a cyclic quadrilateral.
[Using (5) and (6)]
30. Since an exterior angle of a cyclic quadrilateral is equal
to the interior opposite angle,

[Using (4)]

/1 = /2 [Exterior and interior opposite angles of
cyclic quadrilateral ABST] (D)

P

AA AD
A‘! c
NS~

and  Z3 = /4 [Exterior and interior opposite angles of

cyclic quadrilateral DCST] )]

Adding (1) and (2), we get
L1+ 43 =22+ /4 ...(3)
But Z2 + Z£4 =180° [Linear pair] ...(4)

/1 + £3 =180° [Using (3) and (4)]
= /1 and /3 are supplementary angles. ...(5)
But £1 and /3 are opposite angles of quadrilateral PATD.

...(6)
We know that if opposite angles of a quadrilateral are

supplementary then it is a cyclic quadrilateral.
PATD is a cyclic quadrilateral ~ [Using (5) and (6)]
= Points P, A, T and D are concylic

Hence, P, A, T and D are concyclic.

31. Join AB. Then, ABPR is a cyclic quadrilateral. Since an
exterior angle of a cyclic quadrilateral is equal to interior
opposite angle,

Z1 =22
and /3 =274 [Angles in the same segment]
L1+ 43 =22+ /4 =/PBQ ...(1)

In AROS, (£1 + £3) + ZROS = 180°
[Sum of angles of a triangle]

= /PBQ + ZROS = 180° [Using (1)]
= ZPBQ + £POQ = 180°

= /PBQ and ZPOQ are supplementary angles.

But ZPBQ and ZPOQ are opposite angles of quadrilateral

OPBQ. A B E
OPBQ is a cyclic quadrilateral. > 15
32. ZACE =90° D 3
= 1+ £2 =90° C
Also Z/BCD = 90° 4
= /1 + /3 =90° g
- 22=23
But 22 =14 [Corresponding angles]
: /3 =74

In AABD and ADCA, we have
AB = DC, BD = CA and AD = DA

AABD = AACD  [By SSS congruence]
o /5= /3 [CPCT]
= Z5 = /4

But /5 is the exterior angle of quadrilateral BEFD and
/4 is its interior opposite angle.

Quadrilateral BEFD is a cyclic quadrilateral.

33. (1) ZADB = 90° [Given]
A
N M
1
2 3\q ; N\
B D L C

Circle on AB as diameter will pass through D.
[Angle in a semicircle = 90°]

AN =NB=ND = AN = ND.

(i) NMLB is a parallelogram.
[By Mid-point Theorem, ML || NB and NM || BL]

L1 =22 [Opposite angles of a || gm]

But /3 = £2 [Angles opposite to equal sides ND
and NB of a ANBD]
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£33 =/1

But /3 is the exterior angle of quadrilateral LMND
and /1 is its interior opposite angle.

Quadrilateral LMND is a cyclic quadrilateral.

= L, M, N and D are concyclic.
34. Let P, Q, R be the three given points. With Q as centre

=] ;S

and radius equal to PR
draw an arc and with R
as centre and radius equal
to PQ draw another arc,
cutting the previous arc
atS. Then S, is the required
fourth point.

Justification:
Join QS and RS.
In AQPR and ARSQ, we have
QP =RS, PR = 5SQ and QR = RQ

AQPR = ARSQ [By SSS congruence]
- ZQPR = /RSQ [CPCT]
= QR subtends equal angles on the same side of it.

Points P, Q, R and S are concyclic.

= S lies on the circle passing through P, Q and R.

CHECK YOUR UNDERSTANDING

MULTIPLE-CHOICE QUESTIONS

1. (o) 57°
P
A D
B C
arc AB = arc BC = arc CD
ZAPB = ZBPC
= Z/CPD = 19° [Congruent arcs subtend
equal angles at a point on
the circumference]
ZAPD = ZAPB + ZBPC + ZCPD
=19° + 19° + 19° = 57°
2. (@ 3:1

m(@) =75°, m(;A-’]\S) = 25°

o

X circumference

o

AXB = 7
arc = 3

3.

(b)

o

X circumference

25
A'YB' =
arc %

OO
arc AXB : arc A'YB'

75 . 25 .
=360 X circumference : 380 x circumference

=3:1
Diameter
The longest chord of a circle is its diameter.

4. (b) An obtuse angle

6.

(@)

(a)

(b)

(0

Angle subtended by an arc of a circle <

at the centre is double the angle
subtended by it on the remaining
part of the circle in minor segment.

ZAPB subtended by major arc
— 1
BCA = ErefLBOA.

AB

P

Since ref/BOA > 180°,
1
> refZBOA > 90°

ZAPB in the minor segment > 90°
Hence, angle formed in a minor segment is obtuse.
1

There is one and only one circle passing through three
non collinear points [Refer to the proof on page 4.7]

22°
B
: 68° C

ZABC = 90°
In AABC, we have
68° + 90° + ZACB
=180° [Sum of ang]es of a triangle]
= 158° + ZACB = 180°

[Angle in a semicircle]

= ZACB = 180° — 158° = 22°
2r
ZAPB = 90° P
= /APBis angle in a semicircle
= ZAPB is subtended by a A B

diameter of the circle.
= AB is diameter of the circle
AB =2 xradius =2 x r =2r

50°
Let AB and CD intersect at P. C
Considering ACAP whose side AP p Ah B
is produced to B, we get
Exterior ZCPB = ZCAP + ZACP

[Exterior angle = Sum of interior

opposite angles] D

= 90° = 40° + LACP



= ZACP = 90° — 40° = 50° (1)
ZABD = ZACD (= ZACP)
[Angles in the same segment]

= ZABD = 50° [Using (1)]
9. (@ 2cm
Since perpendicular drawn from the
centre of a circle to a chord bisects it,
AC =CB = 1 AB A
2 N
1 D
=5 x8cm=4cm ...(1)
In right AOCA, we have
OA? = OC? + AC? [By Pythagoras Theorem]
= (5 cm)? = OC? + (4 cm)? [Using (1)]
= OC? = (25 - 16) cm? = 9 cm?
= OC=3cm .2
Now, CD =0D-0C
=0A -0C
[+~ OA = OD, radii of a circle]
= CD=5wm-3cm [Using (2)]
= CD =2 cm.
10. (d) 60°
/DAB + ZABC = 180° [Coint. angles, AD || BC]
= ZDAB + 60° = 180°
= Z/DAB = 120° ...(1)
A_—5-D
o)
Since opposite angles of a cyclic quadrilateral are
supplementary
#/DAB + ZBCD = 180°
= 120° + ZBCD = 180° [Using (1)]
= Z/BCD = 60°
11. (b) AP = BQ
A B
Since perpendicular drawn from the centre of a circle
to the chord bisects it
AM = BM ...(1)
and PM = QM ...(2)
Subtracting (2) from (1), we get
AM - PM = BM - QM
= AP = BQ
12. (d) 10 cm

Since AB L BC,
ZABC = 90°

13.

14.

15.

16.

(a)

(b)

(b)

(d)

= ZABC is a angle in a semicircle

= AC is a diameter of the circle passing through A,
B and C.

In right AABC, we have
AC? = AB? + BC? [By Pythagoras Theorem]
= (12 cm)? + (16 cm)?
= (144 + 256) cm? = 400 cm?
= AC =20 cm

1
radius = > diameter

1 1
5 XAC:E x 20 cm = 10 cm

35°
ZAOC + £ZBOC = 180°
= ZAOC + 110° = 180°

= ZAOC =70° ...(1) ¢
Since the angle subtended by an arc ‘m
of a circle at the centre is double A W B

the angle subtended by it at any
other point on the circle,

[Linear pair]

o Z/AOC =2/ADC D

= 70° = 2x [Using (1)]
= x =35°

50°

Since the angle subtended by an
arc of circle at the centre is twice
the angle subtended by it at any A =

other point on the circle,

/BOC =2/CAB c
= /BOC =2 x 25° = 50°
28°
D >C
A \ B
ZADB =90° [Angle in a semicircle] ...(1)
#BDC = ZADC - ZADB
= ZBDC = 118° - 90° [Using (1)]
= ZBDC = 28°
80°
A ——~FE B
X 80°
N_F ¢

Since an exterior angle of a cyclic quadrilateral is equal
to the interior opposite angle of a cyclic quadrilateral,
ZADF = ZAEF
= ZADF = 80° (1)
ZABC = ZADF (or ZADC)
[Opposite angles of a || gm]

= ZABC = 80° [Using (1)]
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17. (d) 30°

Let AB be the chord of a circle with
centre O such that AB = radius OA
or OB. P

In AOAB, OA = OB = AB.
AOAB is an equilateral triangle.
Z/AOB = 60°

Let P be any point in the major segment.

A_—B

1 1
Then, Z/APB = > /AOB = > x 60° = 30°

[ Angle subtended by an arc at the centre of the
circle is double the angle subtended by it at any point
on the remaining part of the circle]

18. (b) 70°
In AOAB, we have
140° + £1 + £2 = 180°
= 140° + 2£1 = 180° [+ £1 = £2, angles opposite
equal sides OA and OB of

triangle OAB (as OA = OB =
radius)]

= 2/1=40° = /1=20°
= ZOAB = 20° (1)

[Sum of angles a triangle]

Since OA 1 PQ,

ZPAO = 90° ..2)
Z/PAB = /PAO - ZOAB
= ZPAB = 90° — 20° [Using (1) and (2)]
= Z/PAB = 70°
19. (c) 70°

B—/"™>¢C
Since opposite angles of a cyclic /’W\
quadrilateral are supplementary 5 D
and ABCD is a cyclic quadrilateral, \v/

ZABC + ZADC = 180°

= 115° + ZADC = 180° E
= Z/ADC = 180° — 115°
= /ADC = 65° (1)

ZACD = 90°[Angle in a semicircle]
...(2)
In AACD, we have

ZCAD + ZADC + ZACD = 180° [Sum of angles of
a triangle]

= ZCAD +65° +90° =180° [Using (1) and (2)]
= ZCAD = 180° — 90° - 65°

=25° ..3)
In AAED, we have

ZAED + ZEAD + ZEDA = 180°
[Sum of angles of a triangle]

= 90° + 2 ZEAD = 180°

[© ZAED = 90° angle in a semicircle and
ZEAD = ZADE, angles opposite equal
sides of AAED]

90°

= ZEAD = - =45° (@)

/CAE = ZCAD + ZEAD
=25° +45° =70°
20. (c) 90°
A

h C
D {l;' 09
\ ’/
B
ZCDA = ZCBA
=50° [Angles in the same segment]
ZADB = ZCDA + £ZCDB
= 50° + 40° = 90° .1
Since the opposite angles of a cyclic quadrilateral are
supplementary and ADBC is a cyclic quadrilateral,

ZADB + ZBCA = 180°

= 90° + /BCA = 180° [Using (1)]
= Z/BCA = 90°
21. (b) 15°

Since the opposite angles of a
cyclic quadrilateral are supple- E

mentary and ABCD is a cyclic c
quadrilateral, A
Z/BAD + ZBCD = 180°
= ZBAD + 75° = 180°
= Z/BAD = 180° — 75° = 105° ...(D
/EAF = ZBAD [Ver. opp. angles]
- ZEAF = 105° [Using (1)] ...(2)

ZABC = 90°[Angle is a semicircle] ...(3)
Subtracting (3) from (2) we get
ZEAF - ZABC = 105° - 90° = 15°
22. (b) 140°

Join BO and extend it to a point
say P.

In AOAB, we have

OA = OB
[radii of a circle]

Z0OBA = ZOAB

=40° [Angles opposite equal sides
of AOAB]

Since, Exterior angles of a triangle

= Sum of its interior opposite angles
ZAOP = 40° + 40° = 80°
Similarly, ZPOC = 30° + 30° = 60°
ZAOC = ZAQOP + £POC = 80° + 60° = 140°



23. (o) 50°
ZABC =90°
[Angle in a semicircle]
In AABC, we have
Z/CAB + ZABC + ZACB
= 180° [Sum of angles of a triangle]
= 40° +90° + ZACB = 180°

= ZACB = 180° — 40° - 90° A
VAR
24. (2) 60° B c
In AOAB, we have ‘V
OA =0OB D
ZABO = ZBAO

= 60° [Angles opposite equal sides of
a triangle]
= ZABC =60°["- ZABO = ZABC, same angles]
..(1)
ZADC = ZABC [Angles in the same segment]

ZADC = 60° [Using (1)]
25. (c) 95°
/CEB = Z/DEA
= 60° [V. opposite angles] ...(1)

In ACEB, we have

Z/ECB + ZCEB + £EBC

=180° [Sum of angles of a triangle]
= ZECB + 60° + 25°
= 180° [Using (1)]

= ZECB = 180° — 60° — 25° = 95°
= Z/ACB = 95° [+~ ZECB = ZACB, same
angles] ...(2)
ZADB = ZACB [Angles in the same segment]
= ZADB = 95° [Using (2)]
26. (b) 60°

In AACB, we have
ZCAB + ZABC + ZACB
= 180° [Sum of angles of a triangle]

= 50° + 70° + ZACB = 180°
= ZACB = 180° — 50° - 70°
= 60° (D)
ZADB = ZACB [Angles in the same segment]

= /ADB = 60° [Using (1)]

27. (b) 50°

28.

29.

30.

(b)

(d)

(0

Since the opposite angles of a cyclic
quadrilateral are supplementary
and ABCD is a cyclic quadrilateral,

Z/CDA + ZABC = 180°
= 140° + ZABC = 180°
ZABC = 40° (1)
ZACB = 90°

U

[Angle in a semicircle]
...(2)
In ACAB, we have
/BAC + ZABC + ZACB
= 180° [Sum of angles of a triangle]
= /BAC +40° + 90° = 180°  [Using (1) and (2)]

= ZBAC = 180° - 40° - 90°
= ZBAC = 50°
90°

Since the angle subtended by an arc of a circle at the
centre is twice the angle subtended by it at any other

point on the remaining part of the C

circle, A 'A\
ZAOC = 2ZABC AN SN 5

= ZAOC = 2 x 45°

= ZAOC =90°

95°

Z/DAC = ZDBC = 25° [Angles in the same segment]
= /DAP =25° [+ ZDAC = ZDAP, same angles]
.1
/DPA + ZAPB = 180° [Linear pair]

= ZDPA + 120° = 180°
= ZDPA = 60° (2

In AADP, we have

VN

/DAP + ZDPA + LZADP
= 180° [Sum of angles of a triangle]

= 25°+60°+ ZADP = 180°  [Using (1) and (2)]
= ZADP = 180° — 25° — 60° = 95°
= ZADB=95° [ ZADP = ZADB, same angles]
55°

Z/DAB = 90°
In AADB, we have

[Angle in a semicircle] ...(1)
C

2/
NS

A
ZADB + ZDAB + ZABD

= 180° [Sum of angles of a triangle]
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= ZADB + 90° + 35° = 180° [Using (1)]

= ZADB = 180° - 90° - 35° = 55° (2
ZACB = ZADB [Angles in the same segment]
= ZACB = 55° [Using (2)]
31. (d) 140°

32.

33.

34.

(d

(b)

(@)

ZCAB = ZCDB [Angles in the same segment]
=  ZCAB =40°

/PAC + ZCAB = 180° [Linear pair]

= ZPAC + 40° = 180°

= /PAC = 180° - 40° = 140°
Hence, /PAC = 140°.

105°

Since an exterior angle of a
cyclic quadrilateral is equal
to the interior opposite angle
of the quadrilateral and
PBCQ is a cyclic quadrilat-
eral,

/PQD = /PBC = 75°

Since the opposite angles of a cyclic quadrilateral are
supplementary and APQD is a cyclic quadrilateral,

ZPAD + ZPQD = 180°

..Q)

= /PAD + 75° = 180° [Using (1)]
= /PAD = 105°
42°

/DCB = ZDAB [Angles in the same segment]
= /DCB = ZDAP [ ZDAB = ZDAP, same angle]
= /ZDCB = 46°
Consider ABCP whose side CP is produced to D.

Exterior Z/DPB = /PCB + ZPBC [Exterior angle = Sum
of interior opposite angles]
= 88° = 46° + «/PBC [-- ZPCB = £DCB, same
angle]

=  /PBC = 88° — 46° = 42°
= ZABC=42° [ £ZPBC = ZABC, same angle]

170°

Z/ABD + ZDBE = 180° [Linear pair]
= ZABD + 95° = 180°
= ZABD = 85° (1)

Since the angle subtended by an arc of a circle at the
centre is double the angle subtended by it at any point
on the remaining part of the circle.

35.

36.

37.

(a)

f=

(a

()

A B E

o ZAOD = 2/ABD
= ZAQOD = 2 x 85°

[Using (1)]
= ZAOD = 170°
105°
D

Take any point P on arc AB

E
D. Join PA and PE. A d

on the side opposite to point

Since the angle subtended by AN
an arc of a circle at the centre Y

is double the angle subtended
by it at any point on the remaining part of the circle,

ZAOQOE = 2/APE
= 150° = 2ZAPE

o

= ZAPE =

= 75° (1)
Since the opposite angles of a cyclic quadrilateral are
supplementary and ADEP is a cyclic quadrilateral,

: /ADE + ZAPE = 180°
ZADE + 75° = 180°

ZADE = 180° — 75°

= 105° .2

Since an exterior angle of a cyclic quadrilateral is equal

to the interior opposite angle of the quadrilateral and

ADEB is a cyclic quadrilateral whose side AB has been
produced to C,

U

[Using (1)]

U

Exterior ZCBE = Interior opposite angle ADE

= ZCBE = 105° [Using (2)]
A segment

Major arc

Major segment

Chord

Minor segment

Minor arc
96°

A

Join CO. ‘B
Since AB is a side of a regular five C ——=\B

sides polygon,
.. Angle subtended by AB at the
centre O is

360°

=72° = /AOB=72° (1)

Since AC is a side of a regular six sided polygon,
. Angle subtended by AC at the centre O is
360°

=60°

= ZAOC = 60° .(2)



38.

39.

(0

(0

Since OA = OC, [Radii of a circle]
Z0AC = ZACO
= Z0OAC = 60° [Using angle sum property of
a triangle]
= Z/PAC =60°[". ZOAC = ZPAC, same angle]

...(3)
Since the angle subtended by an arc of a circle at the

centre is double the angle subtended by it at any point
on the remaining part of the circle,

ZAOB = 2/ACB

= 72° = 2/ACP
[© ZACB = ZACP, same angle]

o

= ZACP = = 36° ()

Now, considering AACP whose side CP is produced

to B, we have

Exterior ZAPB = ZACP + £PAC
= 60° + 36°

= ZAPB = 96°.

270°

Join DA and DB.

Since the opposite angles of a cyclic
quadrilateral are supplementary,

[Using (3) and (4)]

AB

/1 + 24 =180°  [Opposite angles of cyclic
quad AEDB] ...(1)
and Z2+3=180°  [Opposite angles of cyclic

quad ADCB] ...(2)
In ADAB, we have /3 + Z4 + /5 = 180°

= 23 + Z4 +90° = 180°[~ £5 = 90°, an angle in
a semicircle]

= L3+ £4 =90° ...(3)
Adding (1) and (2), we get £1 + £2 + (£3 + £4) = 360°
= Z1 + Z£2 + 90° = 360° [Using (3)]
= Z1 + £2 = 360° — 90° = 270°

= ZAED + £BCD = 270°

%of the circle

Take any point S on major arc PR.
Join SP and SR. Since the opposite
angles of a cyclic quadrilateral are
supplementary and PQRS is a cyclic
quadrilateral,

Z/PQR + /PSR = 180°
= 120° + £ZPSR = 180°
= PSR = 60°
Since the angle subtended by an arc at the centre is
double the angle subtended by it at any point on the
remaining part of the circle,

Z/POR(0) =2 ZPSR

= Z/POR =2 x 60° = 120°

Minor arc RP =

360° of the whole circle

120°
360°

of the whole circle

1
3 of the whole circle.

40. (b) 48°

41.

42.

(d)

(d)

ZBAC = ZBDC [Angle in the same segment]
=  ZBAC =42° ..(1)
In AABC, we have
ZACB + ZCBA + ZBAC

=180°  [Sum of angles of a triangle]
= ZACB +90° + 42°
= 180° [ZCBA = 90°, angle in a

semicircle and using (1)]
=  ZACB = 180° — 90° — 42° = 48°
Hence, Z/ACB = 48°.

40°

Join AC and BD.
Z1 =90° [Angle in a semicircle] ...(1)
£2 =25° [Alternate angles, AB || CD] ...(2)

Since the opposite angles of a cyclic
quadrilateral are supplementary
and ACDB is a cyclic quadrilateral,

ZBAC + £BDC = 180°
= L1+ 22+ 25°+ /3 =180°
= 90° + 25° + 25° + £3 = 180°

[Using (1) and (2)]

= £3 =180° — 90° — 25° — 25°
= 40° ...(3)
ZAEB = /3 [Angles in the same
segment]

= ZAEB = 40° [Using (3)]
Hence, ZAEB = 40°.
54°

P “ﬁ% Q

‘/

In AORQ, we have,
OR = 0Q [Radii of a circle]
Z0QR = ZORQ = 57° [Angles opposite equal
sides of a triangle] ...(1)

In AOPQ, we have
OP = 0Q [Radii of a circle]
= ZOQP = ZOPQ = 30° [Angles opposite equal
sides of a triangle] ...(2)
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43.

(b)

(b)

Subtracting (2) from (1), we get
Z0QR - ZOQP = 57° - 30° = 27°
= ZPQR = 27° ..3)

Since the angle subtended by an arc at the centre of
the circle is double the angle subtended by it at any
point on the remaining part of the circle,

ZPOR = 2/PQR = 2 x 27° [Using (3)]
= 54°
130°
S
& >
v
Join PR.
In AOPQ, we have
OP = 0Q [Radii of a circle]
= ZOQP = ZOPQ
=50° [Angles opposite equal sides

of a triangle]
Also ~OQP + ZOPQ + /POQ

= 180° [Sum of angles of a triangle]
= 50° + 50° + ZPOQ = 180°
= ZPOQ = 80° (1)

Since the angle subtended by an arc at the centre of
the circle is double the angle subtended by it at any
point on the remaining part of the circle,

ZPOQ = 2/PRQ
= 80° = 2/PRQ
= /PRQ = 40°
Now, £SRQ = ZSRP + ZPRQ
=90° + 40° [+ ZSRP = 90°, angle in a
semicircle and using (2)]

[Using (1)]
Q)

= ZSRQ = 130°
220°
In AYBN, we have

ZNYB + ZYNB + ZYBN = 180° [Sum of angles of a
triangle]

= 50° + 20° + LYBN = 180°
= ZYBN = 110°
= MBN = 110°[* £YBN=/MBN, same angle] ...(1)

Since the angle subtended by an
arc at the centre is double the angle
subtended by it at a point on the

A B
MLTN

remaining part of the circle, &
Ref ZMON = 2/MBN
= Ref ZMON = 2 x 110°
[Using (1)]
= Ref ZMON = 220°

45.

46.

(V]

(b)

28°
ZABP = /CBQ = 48°

Since, exterior angle of a A = Sum
of its interior opposite angles

/DAB=a+48 ..(1)
/DCB = b + 48°
Adding (1) and (2) we get
/DAB + Z/DCB =a + b + 96°

= 180° =a + b + 96°
[~ DAB and DCB are opposite angles of cyclic
quad. ABCD .. ZDAB + ZDCB = 180°]

= 180°-96°=2b+10

[Ver. opp. angles]

and

[ a=2b, given]

= 84° =3b
= b=28°
50

Since an exterior angle of a
cyclic quadrilateral is equal to
the interior opposite angle and
ABCD is a cyclic quadrilateral,

ZABC = ZADE
=95° .1
Z0BC = ZABC - ZABO
=95° - 30° = 65° [Using (1)]
In AOBC, we have
OB = OC
Z0CB = ZOBC
= 65° [Angles opposite equal sides of
a triangle] .2

In AOBC, we have

Z0OBC + ZOCB + #BOC = 180°
[Sum of angles of a triangle]

= 65° + 65° + /BOC = 180° [Using (2)]
= /BOC = 50° ...(3)
In AAOB, we have
OA = OB
Z0AB = ZOBA
= 30° [Angles opposite equal sides of
a triangle] ...@
In AAOB, we have

Z0OAB + ZOBA + ZAOB
= 180° [Sum of angles of a triangle]

= 30°+30° + ZAOB = 180° [Using (4)]
= ZAOB = 120° ...(5)
Z/COA = #BOC + ZAOB
=50° + 120°
=170° [Using (3) and (5)] ...(6)

In AOAC, we have
Z0OAC + ZOCA + ZAOC = 180° [Sum of angles of a
triangle]
= 2/0AC + 170° = 180° [Using (6) and ZOAC =
Z0OCA, angles opposite to
equal sides]

= Z0OAC =5°



47.

48.

49.

()

()

(0

92° D

N,
Since opposite angles of a cyclic \
quadrilateral are supplementary and C
ABCD is a cyclic quadrilateral,
. yeed HE e

S ZADC + ZABC =180° AN__ _~B
=ZADC + (£LABD + £DBC)=180°

= 77° + 58° = 180°
= ZDBC = 45° (1)
Z/DAC = ZDBC [Angles in the same segment]
= /DAC = 45° [Using (1)] ...(2)
ZCAB = ZDAB - ZDAC
=75° - 45° = 30° [Using (2)] ...(3)

In APAB, we have
/PAB + ZABP + ZAPB

= 180° [Sum of angles of a triangle]
= ZCAB + ZABD + ZAPB

= 180° [£PAB = ZCAB and ZABP

= ZABD same angles]

=  30° +58° + ZAPB = 180° [Using (3)]
= ZAPB =180° — 88° = 92° ...(4)
/DPC = ZAPB [Ver. opp. angles]

= /DPC = 92° [Using (4)]

7 cm B
AD is a diameter of the circle "
with centre O. A "\ D
AB is a chord of length 48 cm. v
Draw OP 1 AB.

Since perpendicular drawn from the centre of a circle
to chord bisects it,

AP = 1AB = l><48c:m24cm

N
N

1
AO = radius = > diameter

1
— x50 cm =25 cm

In right AAPO, we have
AP? + OP? = AO? [By Pythagoras Theorem]
= (24 cm)? + OP?= (25 cm)?
= OP? = (625 - 576) cm? = 49 cm?
= OP =7 cm
Hence, the distance of AB from the centre of the circle
is 7 cm.
25°
ZAOB = ZAO'B = 50° (1)
[Congruent arcs of congruent circles subtend
equal angles at the centres]

Since the angle sub- A
tended byanarcatthe P

centre of circle is double ‘0@»
the angle subtended by

it at any point on the B
remaining part of the

circle,

ZAOB =2 ZAPB

= 50° = 2/APB [Using (1)]
= /APB = 25°
50. (d) 88°

ZBDC = ZBAC = 49° [Angles in the same
segment] ...(1)

Since the opposite angles of a cyclic quadrilateral are
supplementary and ACBD is a cyclic quadrilateral,

o ZADB + ZACB = 180°
= ZADC + #ZBDC + ZACB = 180°

= 43° +49° + ZACB = 180° [Using (1)]
= ZACB = 180° — 43° — 49° = 88°
51. (d) 16 cm

Diameter AOP = AP + PB n
=4cm+16cm Al B
T

Join OC. D

1
Radius OA = Radius OC = > diameter

1
5 x 20 cm = 10 cm ..(D)
Since perpendicular from the centre to the chord bisects
it,

CP =PD
1
= CP = ECD ..(2)

OP = OA - AP
=10cm-4cm=6cm [Using (1)]
In right AOPC, we have
OC? =OP2 + CP? [By Pythagoras’ Theorem]
= (10 cm)? = (6 cm)? + CP?

= CP? = (100 - 36) cm? = 64 cm?
= CP =8cm
1
5 CD =8 cm [Using (2)]
= CD =16 cm
52. (c) 60°

Since the angle subtended by an arc
of a circle at the centre is double the
angle subtended by it at any point
on the remaining part of the circle,

ZAOB = 2/ACB
80° = 2/ACB
= ZACB = 40° (1)

U
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53.

(b)

(b)

In AOAB, ZOAB + ZOBA + ZAOB
= 180°[Sum of angles of a triangle]
= 2Z0AB + 80° = 180° [- LOAB = ZOBA, angles

opposite equal sides (radii)
OA and OB of AOAB]

= 2 /Z0AB = 100°
= ZOAB = 50° .2
In AACB, we have,

ZACB + ZABC + ZCAB
=180° [Sum of angles of a triangle]
= 40° + 30° + (£LCAO + ZOAB) = 180° [Using (1)]

= 70° + ZCAO + 50° = 180° [Using (2)]
= ZCAO = 180° — 70° — 50° = 60°

Hence, ZCAO = 60°.

115°

ZAPB = 90°

In AAPB, we have
Z/PAB + ZAPB + ZABP

= 180° [Sum of angles of a triangle]
= 35°+90° + LABP

= 180° [Using (1)]
= ZABP = 180° - 35° - 90° = 55° .2
Since exterior angle of a triangle = Sum of its interior
opposite angles

Exterior ZABR = ZBAQ + ZBQA

[Angle in a semicircle] ...(1)

= 35° + 25° = 60° ...(3)
/PBR = ZABP + ZABR
=55°+ 60° [Using (2) and (3)]
= /PBR = 115°
150°

Take any point R on arc BD (on the side opposite of C)
Join RD and RB.
Since the angle subtended D
by an arc of a circle at the
centre is double the angle
subtended by it at any
point on the remaining
by it at any point on the
remaining part of the circle,

ZAPB = 2/ACB
= 150° = 2/ACB
= ZACB =75° (1)
Since an exterior angle of a cyclic quadrilateral is equal
to the interior opposite angle and CDRB is a cyclic
quadrilateral,

Z/DRB = ZACB

= Z/DRB = 75° [Using (1)] ...(2)
/DQB = 2 /DRB
= ZDQB = 2 x 75° [Using (2)]
= Z/DQB = 150°
55. (d) 40° c

Since the angle subtended by
the arc of a circle at the centre is
double the angle subtended by P
it at any point on the remaining
part of the circle,

ZAOB = 2/APB
=2 x 70° = 140°

Since the opposite angles of a cyclic quadrilateral are
supplementary and ACBO is a cyclic quadrilateral,
: ZAOB + ZACB = 180°
= 140° + ZACB = 180° [Using (1)]
= ZACB = 180° — 140° = 40°
Hence, ZACB = 40°.

(1)

SHORT ANSWER QUESTIONS

1. Join PA and PB and let PQ intersect the chord AB at M.
In right APMA and right APMB, we have

AM = BM

PM =PM

APMA = APMB [By RHS congruence]

= PA =PB [CPCT]

We know that if two chords of a circle are equal, then
their corresponding arcs are congruent.

arc PXA = arc PYB
2. Z1=2/2and 43 = /4

[PQ is the bisector of AB]

[Common]

[Angles in the same segment]
(1)

In AAPB and ADPC, we have

/1 =22
L3 =24 [From (1)]
PB =PC [Given]
AAPB = ADPC [By AAS congruence]
= AB =DC [CPCT] ...(1)
And AP = DP [CPCT]



= AP + PC = DP + PB [+ PC = PB given]
= AC = DB .(2)

Hence, (i) Chord AB = Chord DC [From (1)]
(ii) Chord AC = Chord BD [From (2)]
arc PQ = arc PR [Given]

.. Chord PQ = Chord PR [If two arcs of a circle are con-
gruent then the corresponding

chords are equal] (D)
Join QS and RS.
/PQS = ZPRS
=90° [Angles in semicircle]
In right APQS and right APRS, we get
PQ =PR [From (1)]
PS =PS [Common]
APQS = APRS [By RHS congruence]
= ZQPS = ZRPS [CPCT]
= 30° = /RPS .2
ZQPR = /QPS + /RPS
=30° + 30° [Using (2)]
= ZQPR = 60° .3

In APQR, we have
ZQPR + ZPRQ + ZPQR

=180° [Sum of angles of a triangle]
= 60° + 2/PRQ = 180° [Using (3) and - ZPRQ = ZPQR,

angles opposite equal sides PQ
and PR of APQR]

= 2/PRQ = 180° — 60° = 120°
= /PRQ = 60°
= /PRQ = /PQR = 60° (@
In APQR, we have
ZQPR = 60° [From (3)]
/PRQ = 60° and ZPQR = 60° [From (4)]

APQR is an equilateral triangle.

4. AOC is a diameter.

B Y

= AOC is a straight angle. X /A\

= Z/BOA + ZBOC =180° A C
1

arc AXB = % arc BYC

= m(arc AXB) = %m(arc ByC)

— /BOA = %ABOC

3
= > ZBOC = 180°
2
= /BOC = 3 x 180° = 120°
Hence, /BOC = 120°.
5. In ABAD, we have
A
3cm
4 cm, B
D C

BD? = (5 cm)? = 25 cm?
AB? = (3 cm)? = 9 cm?
AD? = (4 cm)? = 16 cm?
9 cm? + 16 cm? = 25 cm?
AB? + AD? = BD?

ZBAD = 90° [By the converse of Pythagoras
Theorem] ...(1)

In quadrilateral ABCD, we have
/BAD + ZDCB = 90° + 90°
= /BAD + #DCB = 180°

[Using (1)]

But ZBAD and /DCB are opposite angles of quadrilateral
ABCD and we know that opposite angles of a cyclic
quadrilateral are supplementary.

Quadrilateral ABCD is a cyclic quadrilateral.
= Points A, B, C and D are concylic i.e. they lie on a circle.

= «DAC = /DBC. [Angles in the same segment]

6. Join PR.

Let ZRQS = x and ZQSR =y.

Since the angle subtended by an arc at the centre of a
circle is double the angle subtended by it at any point
on the remaining part of the circle,

m/x\.

Fig (i) Fig (ii)
Z/RPS = 2/RQS = 2x (D)
and ZRPQ =2 ZRSQ =2y ...(2)

Adding (1) and (2), we get
ZRPS + ZRPQ = 2x + 2y
= ZQPS [or ref ZQPS in Fig. (ii)] = 2(x + y)

. X+y= %4QPS [or %ref ZQPS in Fig. (ii):|

’B | sepud
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7. OB = OC

= ZRQS + ZQSR

= % ZQPS I:or %ref ZQPS in Fig. (ii):|

[Radii of a circle]

= Z0OCB = ZOBC [Angles opposite equal sides of a
triangle]

In AOBC, we have
Z/0OBC + Z0CB + #BOC

=180° [Sum of angles of a triangle]
= 2Z0BC + £ZBOC = 180° [Using (1)]
= /BOC = 180° - 2 ZOBC .2

Since the angle subtended by an arc
at the centre of the circle is double the
angle subtended by it at any point on
the remaining part of the circle,

Z/BOC =2 ZBAC

= 180° - 2 ZOBC = 2£BAC

[Using (2)]
= 180° = 2/0BC + 2 Z/BAC
= 90° = ZOBC + ZBAC

Hence, ZOBC + ZBAC = 90°.

. We know that if a line segment joining two points subtends

equal angles at two other points lying aon the same side
of the line containing the line segment, A

then the four points, lie on a circle P

(ie. they are concyclic).

Here, line BC subtends equal angles

(each is equal to 90°) at points Pand Q B c
lying on the same side of the line containing line segment
BC.

Points B, C, P and Q are concyclic.

. Let AB = 24 cm be the chord of a circle with centre O

such that its perpendicular distance OP from the centre
Ois 5 cm. Let CD be another chord
such that its perpendicular distance
OQ from the centre O is 12 cm.
Join AO and CO.

Since perpendicular from the centre
to the chord bisects the chord,

1 1
AP= —AB = - x 24
2 2 *

1
=12 cm and CQ = > CD ..(D)

In right AOPA, we have
OA? = OP? + AP?
= OA? = (5 cm)? + (12 cm)?
OA? = (25 + 144) cm? = 169 cm?
= OA =13 cm.
OC=0A =13 cm
In right AOQC, we have
0Q? + CQ? =OC? [By Pythagoras’ Theorem]
= (12 cm)? + CQ? = (13 cm)? [Using (2)]
CQ? = (169 — 144) cm? = 25 cm?

[By Pythagoras” Theorem]
[Using (1)]

U

[Radii of a circle] ...(2)

U

10.

1.

= CQ=5am

1
= > CD=5awm [Using (1)]
= CD=5x%x2cm =10 cm

Hence, the length of the required chord is 10 cm.

Congruent arcs subtend equal angles at the different points
on circumference of the circle.

AP - PB [+ P is the mid-point of arc AB]
Z1 = /2 = x (say) ...(D)
and CQ = QA [+ Q is the mid-point of arc CA]
/3 = /4 =y (say) ...(2)
Adding (1) and (2), we get
1+ /3=12+ 274 ...(3)

Considering AAPX whose side PX is produced to Y, we
get
Exterior ZAXY = /1 + /3  [Exterior angle = Sum of
interior opposite angles] ...(4)
Considering AAQY whose side QY is produced to X, we
get
Exterior ZAYX = £2 + Z4  [Exterior angle = Sum of
interior opposite angles] ...(5)
From (3), (4) and (5), we get

ZAYX = ZAXY
= AX = AY [Sides opposite equal angles of
AAXY]
Hence, AX = AY.

VALUE-BASED QUESTIONS

(i) Equal chords of a circle are equidistant from the centre
of the circle. Since road AB and road CD are of equal

length,

they from equal chords of the circular park.

Distance of AB from the centre ‘O’ of the circular park
is 21 m.

Distance of CD from the centre ‘O’ of the circular
park is 21 m.

(ii) Let OP L AB and OQ L CD. A c
Then, OP =21 m.
Join OB.

Since the perpendicular drawn
from the centre of the circle to

chord, bisects the chord, B D
1 56
PB= AB= —m=28m (1)



(iii)

(iv)

)

2. @)

(ii)

In right ABPQ, we have

OP? + PB? = OB?[By Pythagoras Theorem]
= (21 m)? + (28 m)? = OB? [Using (1)]
= (441 + 784)m? = OB?
= 1225 m? = OB?
= OB =35m
Hence, the radius of the circular park is 35 m.

Circumference of circular park
22
=2nr=2><7 x 35 cm = 220 m

Distance between two neighbouring trees

Environmental protection, leadership and responsible
citizenship.

Since the angle subtended by an arc at the centre is
double the angle subtended by it at any point on the
remaining part of the circle,

A
B a5 JOID
C

ZAOB =2/1
= 90° =2 /1
= 45° = /1 ..(1)

/ZBOC =2 £2
= 90° =2 /2
= 45° = 22 .(2)
Adding (1) and (2), we get

L1 + £2 =45° + 45°

= ZADC = 90°
Similarly, Z/BAC = ZABC = Z/BCD = 45°. ...(3)
In AAOD and ACOD, we have

ZAOD = ZCOD [Each is 90°]

OD = OD [Common]

ZADO = £CDO [Each is 45°]

AAOD = ACOD [By ASA congruence]
= AD =CD [CPCT]
Similarly, AB = BC = CD = AD ...(4)

= ABCD s a quadrilateral in which all the sides are
equal and each angle is 90°. [From (3) and (4)]

Hence, ABCD is a square.

Awareness about environmental protection and
importance of education and physical fitness.

1.

(b)

©

(b)

UNIT TEST

3 am

Let AB = 8 cm be the chord of circle
with centre O and radius 5 cm.

Then, OA =5 cm
Let OP L AB.

Since perpendicular from the centre to the chord bisects
the chord.

il

AB

1 1
AP = EAB: Ex8cm=4cm

In right AOPA, we have
OP? + AP? =OA?[By Pythagoras’ Theorem]
= OP? + (4 cm)? = (5 cm)?
= OP? = (25 — 16) cm? = 9 cm?
= OP =3 cm
Hence, the distance of the chord from the centre is 3 cm.

5 cm

ZAOB = 60°
In AOAB we have,
Z0OAB + ZOBA + ZAOB
=180°
= 2/0AB + 60°

= 180° [+ ZOAB = ZOBA, angles opposite
equal sides OA and OB (radii) of
AOAB]

120°

[Given]

[Sum of angles of a triangle]

= ZOAB= = 60°

= ZOAB = ZOBA = 60°
AOAB is an equilateral triangle.
AB=0A =0B =5 cm.
1:2

P

<

Q

X is mid-point of arc PQ.
arc PX = arc PQ (1)
arc PQ = arc PX + arc PQ
arc PQ = arc PX + arc PX [Using (1)]
arc PQ = 2 arc PX .2
Now, arc PX : arc PQ
=arc PX: 2 arc PX
=1:2

[Using ()]

X | sepud



4. (b) 45° 7. (b) 25°

[
. . /DAB = /DEB [Angles in the same segment]
Z/ACB = 90° [Angle in a semicircle] ...(1)
CB = CA [Given] ZDAB = 65° ()
ZCAB = ZCBA  [Angles opposite equal sides In ADAB, we have
of ACAB] ...(2) /DAB + ZADB + ZABD
In ACAB, we have =180° [Sum of angles of a triangle]
/ACB + Z/CAB + ZCBA = 65° +90° + ZABD
=180° [Sum of angles of a triangle] = 180° [Using (1) and ZADB = 90°,
= 90° + 2/CAB = 180° [Using (1) and (2)] angle in a semicircle]
- 9 JCAB = 180° — 90° = 90° = ZABD =180° - 90° — 65° = 25° Q)
- /CAB = 45°. /BDC = ZABD [Alternate angles DC || AB]
5. (d) 300° = /BDC = 25° [Using (2)]
A—B ¢ 8. () 130°
g’@ Join OB and OC.
w Since the opposite angles of a cyclic

quadrilateral are supplementary
and FADE is a cyclic quadrilateral,

ZAOB + ZBOC + refZAOC ZFAD + ZFED = 180°
= 360° [Angles about a point] = ZFAD + 110° = 180°
= 35°+ 25° + x = 360° = ZFAD = 70° .1
= x = 360° - 35° - 25° Equal chords of a circle subtend equal angles at the
= x = 300. centre and AB = BC = CD [Given]
6. (b) 50° s ZAOB = ZBOC = £COD .2

Since the sum of all the angles on the same side of a

-
/4‘ \ line at a point on it is 180°,

= S .. ZAOB + ZBOC + ZCOD = 180° ...(3)
\ A / From (2) and (3), we get

O—R 180°
ZAOB = = 60° .4
Since PQ =QR=RS, [Given]
/PTQ = Z/QTR In AAOB, we have
= /RTS [Equal chords of a circle subtend ZOAB + ZOBA + ZAOB
equal angles at the circumference] = 180° [Sum of angles of a triangle]
..(1) = 2Z0AB + 60°
Also, £PTQ + £ZQTR + ZRTS = 180° [OA = OB (radii of a circle)
- 75° [Given] ...(2) - ZOAB = ZOBA angles

opposite equal sides]
From (1) and (2), we get PP 1

S = 2Z0AB = 120°
ZPTQ = ZQIR = ZRT!
Q 7&3 = ZOAB = 60°

=3 = 25° = /DAB =60° [ ZOAB = ZDAB, same angles]

...(5)

Since the angle subtended by an arc at the centre of
the circle is double the angle subtended by it at any
point on the remaining part of the circle, =70° + 60° [Using (1) and (5)]

ZQOR =2 x 25° = 50°. = ZFAB = 130°.

/FAB = ZFAD + ZDAB

&8 | circles



9.

10.

11.

Let ABCD be the cyclic quadrilateral
in which AD = BC.

AD = BC * +
= AD =CB D c
= AD = CB [If two chords of a circle are equal,
then their corresponding arcs are
congruent]
— AD+DC = DC+CB [Adding DC to both sides]
= ADC = DCB
= AC = DB [If two arcs of a circle are congruent,
then their corresponding chords are
equal]
Hence, diagonal AC = diagonal DB.
Join AC and BD.
/BDA = ZACB
=90° [Angles in semicircle] ...(1)
In ABDA and AACB, we have
/BDA = ZACB [From (1)]
ZDAB = ZCBA [Alternate angles, BC || AD]
AB = BA [Common]
ABDA = AACB [By AAS congruence]
= AD = BC [CPCT]
Hence, AD = BC.

Let ABC be the isosceles triangle.

AC = AB
/B = ZC

[Sides of an isosceles triangle]

[Angles opposite equal sides
of AABC] ...(1)

Let [ be a line drawn parallel to base BC of isosceles
AABC and let [ cut its equal sides at D and E.

/EDB + #DBC = 180°
= ZEDB + /B =180°
= ZEDB + £C = 180°
= /EDB + ZECB = 180°

[Cointerior angles]

[+ £DBC = ZB, same angle]
[Using (1)]

[+ £C = ZECB, same angle]
...(2)

But ZEDB and ZECB are opposite angles of quadrilateral
BCED. ..3)

We know that if opposite angles of a quadrilateral are
supplementary, then it is a cyclic quadrilateral.

BCED is a cyclic quadrilateral. [Using (2) and (3)]

12. In AADB, we have

13.

14.

15.

ZADB + ZBAD + ZABD
=180° [Sum of ang]es of a triangle]
= ZADB + 65° + 70° = 180°

= ZADB = 180° - 135° = 45° ...(1)
ZACB = ZADB
[Angles in the same segment]
- ZACB = 45° [Using (1)] ...(2)
ZACD = ZABD [Ang]les in the same
segment]
= ZACD = 70° .3

Adding (2) and (3), we get
ZACB + ZACD = 45° + 70°
= /BCD = 115°

Centre O is the mid-point of diameter BOC and
OD L AB. (1)

D is the mid-point of AB ...(2)
[Perpendicular from the centre of the circle to the chord

bisects the chord]
|

C

B

In AABC, OD is the line segment joining the mid-points
of BC and BA.[From (1) and (2)]

1
oD = > CA  [By Mid-point Theorem]

= CA=20D

ZBDC = ZBAC [Angles in the same segment]

Considering ABDP whose side DP is produced to C, we

get

Exterior ZCPB = ZBDP + /PBD [Exterior angle = Sum of
interior opposite angle]

[#BDP = /BDC and
/PBD = ZABD same angles]

[Using (1)]

= 90° = ZBDC + ZABD

= 90° = ZBAC + ZABD
Hence, Z/BAC + ZABD = 90°.

Since diagonal AC of a cyclic quadrilateral ABCD bisects
ZBAD,

Z/BAC = /CAD (1)

3 | sepud



X | circles

16.

17.

Now,

/DBC = ZCAD [Angles in the same segment]
and

ZBDC = ZBAC [Angles in the same segment]

= /BDC = /DBC. [Using (1)]

D
C

Since, ABCD is a cyclic rectangle,

S ZABC = 90° [Angle of a rectangle]

We know that the angle in a semicircle

is 90°. A B
Diagonal AC of rectangle ABCD

is diameter of the circle. Similarly, D o fo

diagonal BD of rectangle ABCD is also
a diameter of the circle.

Point of intersection of the diagonals i.e. ‘O’ is also
the point of intersection of the diameters of the circle.

Hence, the centre of the circle through A, B, C and D is
the point of intersection of the diagonals of cyclic rectangle
ABCD.

Since the opposite angles of a cyclic quadrilateral are
supplementary and PTRQ is a cyclic quadrilateral.

N

0/
QRS

ZPTR + £ZPQR = 180°

= ZPTR + 120° = 180°

= Z/PTR = 60° (1)

In AQPR, we have QR = QP [Given]
ZQPR = ZQRP  [Angles opposite equal sides

of AQPR] ...(2)
Also, ZQPR + Z/QRP + /PQR

= 180° [Sum of angles of a triangle]

= 2 Z/QPR + ZPQR = 180° [Using (2)]
= 2/QPR + 120° = 180°

= 2/QPR = 60°

- ZQPR = 30° ..3)

/TPR = /QPT — Z/QPR
=90° - 30° [Using (3)]
= 60° ...(4)
In APTR, we have

Z/PTR + ZTPR + ZPRT = 180° [Sum of angles
of a triangle]

60° + 60° + /PRT = 180° [Using (1) and (4)]
ZPRT = 180° — 120°
= 60° .05

Uy

18.

19.

From (1), (4) and (5), we get

/PTR = LTPR = £ZPRT = 60°
= each angle of APRT is 60°.
Hence, APRT is an equilateral A.
/BDC = Z/BAC
= /BDC = 40°
In ABDC, we have

[Angles in the same segment]

/BDC + ZDCB + ZCBD
=180° [Sum of angles of a triangle]
= 40° + 100° + ZCBD = 180°

= ZCBD = 180° — 140° = 40° ...(1)
ZCAD = ZCBD [Angles in the same
segment]
= Z/CAD = 40° [Using (1)]
ZCBA + ZDCB = 180° [Coint. angles]
= ZCBA + 100° = 180°
= ZCBA = 80°

Hence, (i) ZCAD = 40° (ii) ZCBD = 40° (iii) ZCBA = 80°.
Draw OQ L AB.

Since perpendicular drawn from the centre of a circle to
the chord bisects it,

AB
AQ=QB= Q)

In right AOQA, we have
AO? = OQ? + AQ? [By Pythagoras Theorem]

2
= AO?- (ATB) = 0Q?

[Using (1)]
AB?
= AO? - T = OQ2 (2)
In right AOQP, we have

OP? = OQ? + QP2
=  OP?=0Q + (QB + BP)?

2 2
= OP’= (Aoz—Af ) + (% +AB)

[By Pythagoras Theorem]

[Using (1) and (2)]

AB? N (AB+2AB)2
4 2
=  OP2= AO? + 2 AB?

= oP2 = AO? -




20.

21.

22.

Let O be the centre of the circle.

Join OA, OB, OC and OD. BN P A\

Since the angle subtended by an arc of  \T :,6 < T
= 2 "™p

a circle is double the angle subtended A
by it at any point on the remaining part \—/
of the circle,

ZAOB =2 ZACB and
ZCOD =2 ZCAD ...(1)
Now, AB =CD

= ZAOB = ZCOD [ Equal chords make equal

angles at the centre] ...(2)
From (1) and (2) we get
2/ACB =2£CAD
= ZACB = ZCAD

But ZACB and ZCAD are alternate interior angles formed
when the transversal CA cuts BC at C and AD at D.

= AD || BC
Consider AACQ, we have

[+ Alternate angles are equal]

Q

/3 + £4 = /5 [Exterior angle = Sum of interior

opposite angles] ...(1)
But  £5 = ZABC [Angles opposite equal sides are equal]
=  /S5=s1+22 [+ ZABC = £1 + £2]

= /5 =2/2 [BP is the bisector of ZABC] ...(2)
But /2 =2/3  [Angles is the same segment] ...(3)
= /5=2/3 [From (2) and (3)] ...(4)
= L3+ /44=/3+ 43 [From (1) and (4)]
= /4 =/3

= CA = CQJSides opposite equal angles are equal]
Hence, CQ = CA.
AB || DC.

AB || EDC [E lies on CD produced]
L1 =22 [Alternate angles] ...(1)

Since the angle subtended by an arc at the centre of circle
is twice the angle subtended by it at any point on the
circumference.

Z4=2,2 .2

Z4=/3 [Opposite angles of a || gm] ...(3)
From (1), (2) and (3), we get

/£3=2/1

= ZBCD =2/ABE

23.

24.

(i) Chords AC and BD intersect each other at O, such
that OA = OC and OB = OD.

A B

D C

AB, BC, CD and DA are joined.
In AAOB and ACOD, we have

OA =0C [Given]
OB = OD [Given]
ZAOB = ZCOD [Vertically opposite angles]
AAOB = ACOD [By SAS-congruence]

= BA = DC [CPCT] ...(1)

It two chords of a circle are equal, then their corresponding
arcs are congruent.

BA =~ DC ..(2)

In AAOD and ACOB, we have
OA =0C [Given]
OD = OB [Given]
ZAOD = ZCOB [Vertically opposite angles]

AAOD = ACOB [By SAS-congruence]
-  AD=CB ..3)
-~ AD=CB ..(4)
Adding equation (2) and equation (4), we have
BA + AD= DC + CB
— BAD = DCB
BD divides the circle into two semicircles.
BD is a diameter.
Similarly, AC is a diameter.
(ii) BD is a diameter.
ZBAD = 90°

From equations (1), (3) and (5), we have ABCD is a
parallelogram in which ZBAD = 90°.

Hence, ABCD is a rectangle.
Let ABC be a triangle in which BE 1L AC, CF L AB.
BE and CF intersect at O.
AO is joined and produced to meet BC at D.
Join FE.

[Proved in (i)]
[Angle in a semicircle] ...(5)

BE L AC and CF L AB.
/BEC = /BFC = 90°
BC subtends equal angles at E and F.

If a line segment joining two A

points subtends equal angles at 4’,
. . F

two other points lying on the S

same side of the line containing

the line segment, the four points

lie on a circle.

B/

Points B, C, E and F are concyclic.

g | sepud



K | circles

BCEF is a cyclic quadrilateral.

Z/ECB + ZBFE = 180° [Opposite angles of a cyclic
quadrilateral are supplementary]

= ZACD + ZBFE

= 180°[£ACD = ZECB, same angle]
= /ACD + ZEFC + «CFB

= 180° [As £/BFE = ZEFC + ZCFB]
= ZACD + ZEFO + 90°

= 180° [As CF L AB]
= ZACD + ZEFO = 90° (1)
Now, ZOFA + ZOEA =90° + 90° = 180°

But ZOFA and ZOEA are opposite angles of quadrilateral
AEOF.

Quadrilateral AEOF is a cyclic quadrilateral.
Z/EFO = ZEAO[Angles in the same segment] ...(2)
From equations (1) and (2), we have
ZACD + ZEAO = 90°
= ZACD + ZCAD =90° [£CAD = ZEAO, same
angle] ...(3)
In AADC, we have
ZADC + ZACD + ZCAD
= 180° [Sum of angles of a triang]e]

= ZADC + 90° = 180° [Using (3)]
= Z/ADC = 90°
AD 1 BC

Hence, the altitudes of a triangle are concurrent.





